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Abstract 

The Green-Julg theorem states that K^{B) = Ko(L^(G, B)) for every compact group G and 
every G-C* -algebra B. We formulate a generalisation of this result to proper groupoids and 
Banach algebras and deduce that the Bost assembly map is surjective for proper Banach algebras. 
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In analogy to the definition of tlie assembly map of Baum-Connes, one can construct a liomomor- 
piiism fj,^ from K^"'^{Q, B) to ¥^^{A{Q, B)), wiiere C/ is a locally compact Hausdorff groupoid with 
Haar system, i? is a ^-C*-algebra and A{Q) is an unconditional completion of Cc{Q), that is, a com- 
pletion with respect to a submultiplicative norm ||-||_^ such that ||/||^ only depends on the function 
7 ^ 1/(7)1- This construction was discussed in fCafOSl and an obvious generalisation to ^-Banach 
algebras instead of (/-C*-algebras was given in |.Par09bJ . 

It is well-known that the Baum-Connes conjecture is true for proper C*-coefficients, and this result 
is a key ingredient for the so-called Dirac-dual-Dirac metho(|3 which is applied to prove the conjecture 
for certain classes of groups and arbitrary C* -coefficients. The Baum-Connes conjecture for proper 
C* -coefficients is also used to show the Bost conjecture for proper C* -coefficients in l,Laf02 l. 

The main result of the present article asserts that the Bost assembly map is split surjective if 
the ^-Banach algebra B is proper (and A{G) satisfies some mild condition). This is a first positive 
result for coefficients which are not C*-algebras; the proof does not make use of C*-algebraic methods 
either but rests on a generalised version of the Green-Julg theorem for Banach algebras: 

Let ^ be a proper locally compact Hausdorff groupoid with unit space X and assume that Q 
carries a Haar system. In IITu99ll . the following C*-aleebraic theorem is proved which reduces to the 
classical Green-Julg theorem if is a compact groupo 

Theorem (Tu). IfQ is a-compact and B is a G-C* -algebra, then there is a canonical isomorphism 
(1) KKg{Co{X), B) ^ KKx/g{Co{X/g), By^rG)- 



'Seeli Kas95l . 

"Actually, Proposition 6.25 of fTu991 is more general than cited here: It allows C* -algebras in the first variable that are 
of a more general form. We confine ourselves to "trivial" coefficients in the first variable. Note that this theorem of Tu also 
generalises Theorem 5.4 in IKS03I . 



In order to translate this theorem into the setting of Banach algebras, we choose the language of 
V. Lafforgue's bivariant K-theory KK^^^, introduced in IILaf02ll and IILaf06ll . More precisely, we 
proceed as follows: 

• We replace the (/-C*-algebra Bhy a. ^-Banach algebra, so the left-hand side of ([U should then 
be replaced b)jlKK[i^°(Co(X), S). 

• The crossed product of B with Q is replaced by A{G, B), where A{Q) is some unconditional 
completion of Cc{Q) as, for example, Ij^{Q). 

• For technical reasons, we do not use KK^^J^ on the right-hand side but a variant called T^KK^'^'^ 
which is defined in the first section of this article. 

This way, we obtain the following conjecture: 

(2) KK^'^"(Co(X), B) ^ 7^KKb^'^(Co(X/e); Co(X/e), A{G,B)). 

We show this conjecture under some mild regularity conditions: Firstly, B should be a non-degenerate 
^-Banach algebra, i.e., the span of BB is dense in B. Secondly, we want Q to carry a cut-off function 
(which is automatic if X/Q is cr-compact). Thirdly, we want the unconditional completion A{Q) to 
be regular (this notion will be explained in Paragraph I4.3i the completion L^(^) and its symmetrised 
version Ij^{Q) H lJ-{Q)* are regular). Under these conditions, we define a homomorphism from the 
left-hand side to the right-hand side of Q and show that it is split surjective. For split injectivity, 
we need that A{Q) satisfies some additional regularity condition (which is true if A{Q) equals L^(^) 
or its symmetrised version). The proof of the injectivity part is only sketched in this article, and the 
reader is referred to fParOVI for the details. Note that the above-mentioned surjectivity of the Bost 
assembly map for proper Banach algebras follows already from the surjectivity part of the generalised 
Green- Julg theorem. 

In the first section of this article, we introduce a variant T^KK^'^'^ of KK*^^"^ for Banach algebras 
which caiTy an action of Cq{X), where X is a locally compact Hausdorff space. This theory serves as 
a recipient for the descent homomorphism and also appears on the right-hand side of the generalised 
Green- Julg theorem. We prove that the spectral radius of an element in a Co(X)-Banach algebra can 
be calculated in the fibres of the algebra over points in X if X is second countable. 

The second section discusses shortly the concept of a monotone completion needed in the proofs 
in Section 4. We also prove that l^{G, Co(M, B)) and Co(M, L^(G, B)) are isomorphic in K-theory 
(and similar results along these lines). 

Section 3 introduces proper groupoids, cut-off functions and cut-off pairs in preparation of Sec- 
tion 4, where we prove the surjectivity part of the generalised Green- Julg theorem and sketch how to 
prove the injectivity part. 

In Section 5, we define what a proper Banach algebra is and conclude from the results of Section 4 
that the Bost assembly map is split surjective if the coefficients are proper Banach algebras. 

Most of the results of this article are contained in the doctoral thesis IIPar07ll which comprises full 
proofs and all technical details; I would like to thank my Ph.D. supervisor Siegfried Echterhoff. I also 
thank Vincent Lafforgue, who has drawn my attention to the study of the Bost conjecture for proper 
Banach algebra coefficients, for his helpful advice. This research has been supported by the Deutsche 
Forschungsgemeinschaft (SFB 478). 

Actually, it should be replaced by KKg^"(Cx, B) where Cx denotes the constant field over X with fibre C. We will 
sometimes identify Co{X) and Cx to obtain statements of theorems which look familiar. 
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Notation: All Banach spaces and Banach algebras that appear in this article are supposed to be com- 
plex. References which explain the necessary notation and the concepts to understand Banach algebras 
that carry actions of groupoids are IILaf06l and BParOQbll . 

1 Co (X) -Banach algebras and 7^KK^^''-theory 

Let X be a locally compact Hausdorff space. The notion of a Co(X)-C* -algebra is well-known in 
the literature, and it has already been generalised to the concept of a Co(X)-Banach algebra0 For 
Co(X)-C*-algebras, there is a natural variant of KK-theory called TZKK. This section is dedicated 
to the development of an analogous theory for Co(X)-Banach algebras. This can be thought of as an 
intermediate step between KK^^"^ for ordinary Banach algebras as defined in IILaf02ll and the variant 
of KK'^'^'^ for fields of Banach algebras as defined in IILaf06ll . 

The starting point for our definition of TZKK is the following observation: If A and B are Co{X)- 
C*-algebras and {E, T) is a cycle for 7^KK(Co(X); A, B), then E carries a canonical action of Cq{X) 
defined through the identification E = E (Sib B, just let Co {X) act on the second factor. This action is 
the unique action of Co{X) on E that is compatible with the module action of B. The usual condition 
on an T^KK-cycle, namely that {xa){eb) = {ae){xb) for all a e A, e e E, b € B and x € Co{X), 
then just means that the actions of Co{X) on A and E should be compatible. So E is what could be 
called a Co(X)-Hilbert A- B -module. The corner stone for the definition of T^KK^^"^ should hence be 
the notion of a Co(X)-Banach A-B-paii (if A and B are Co(X)-Banach algebras). The fundamental 
notion underlying all this is a notion of a Co(X)-Banach space, which turns out to be rather simple: 

1.1 Co(X)-Banach spaces, Co(X)-Banach algebras, etc. 

A Co{X)-Banach space is by definition a non-degenerate Banach Co(X)-module. If E and F are 
Co(X)-Banach spaces, then we take the bounded linear Co(X)-linear maps from £^ to F as morphisms 
from E to F. We are going to denote the morphisms from £' to F by L^"^"''"^ {E, F). 

If £" is a Banach space, then EX = Co{X, E) is a Co(X)-Banach space with the canonical action 
ofCo(X). 

Let El and E2 be Co(X)-Banach spaces. Let Ei x E2 be the product Banach space (with the 
sup-norm). Then Ei x ^2 is a Co(X)-Banach space with the obvious product action. Similarly, 
there is a notion of the sum Ei © E2 of Co(X)-Banach spaces Ei and E2 using the sum-norm. It is 
compatible with the Co (X) -tensor product that we are going to define below. Let F be another Cq{X)- 
Banach space. A C-bilinear map fi: Ei x E2 ^ F is called Cq{X) -bilinear if ^ is Co(X)-linear in 
every component. There is a universal space Ei '^Cq(x) ^2 for continuous Co (X) -bilinear maps on 
El X E2, called the CQ{X)-tensor product. It can be constructed as a quotient of the projective tensor 
product El E2 and is itself a Co(X)-Banach space in an obvious way. 

Definition 1.1. A Co{X)-Banach algebra i? is a Banach algebra B which is at the same time a Co{X)- 
Banach space such that the multiplication of B is Co(X)-bilinear. 

A homomorphism of Co(X)-Banach algebras tp: A ^ B is simply a Co(X)-linear homomorphism ip 
of Banach algebras. 

For the rest of Subsection li.il let A, B and C be Co{X)-Banach algebras. 

We define the fibrewise unitalisation of i? to be i3 © Co{X). The norm on i? © Co{X) is the 
sum-norm and multiplication is given by {b,ip) ■ {c^if)) := {be -\- iph -\- (/?c, tpip) for all b,c £ B, 

*See IBla96l . 
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(/J, V' S Co{X). In the theory of Co(X)-Banach algebras, the fibrewise unitaUsation is the adequate 
substitute for the ordinary unitaUsation, e.g. it should be used in the definition of pushouts along 
homomorphisms of Co(X)-Banach algebras. We wont stress this technical point in what follows. 

A Co{X)-Banach B-module is a Banach S-module E which is at the same time a Co(X)-Banach 
space such that the module action is Co(X)-bilinear. We define Co(X)-Banach i?-C-bimodules anal- 
ogously. Let E, F be Co(-'^)-Banach B-modules. Then we write L^^^^\e, F) for the subspace 
of Lb{E,F) of operators which are also Co(X)-linear. Note that, if is a non-degenerate Banach 
S-module, then all elements of Lb(£', F) are automatically Co(X)-linear. 

There is also an obvious notion of homomorphisms with coefficient maps between Co(X)-Banach 
modules, compare the definition in BParOSall . 

Let E' be a right Co(X)-Banach 5-module and let F be a left Co(-X')-Banach i?-module. The 
balanced Co{X)-tensor product E ®^ F of E and F over B is defined to be the universal object 
for the i?-balanced Co (X) -multilinear maps on £^ x F. It can be obtained by taking E (E)b F and 
dividing out elements of the form eip®f — e^Lpf. Note that, if F or F is i?-non-degenerate, then 
it is not hard to show that the usual balanced tensor product and the balanced Co(X)-tensor product 

agree: E F = E®bF. 

The pushout along homomorphisms of Co(X)-Banach algebras is defined as in the ordinary case, 
compare IILaf021 . page 12, but using the fibrewise unitaUsation defined above. It has the expected 
(functorial) properties. 

Definition 1.2. Let Bhe, n Co(X)-Banach algebra. A Co{X)-Banach B-pair F is a i?-pair E such 
that F< and F> are Co(X)-Banach B-modules and such that the inner product is Co(X)-bilinear. If 
A is another Co(X)-Banach algebra, then a Banach A-B-^nir F is a Co{X)-Banach A-B-pair if it is 
a Co(X)-Banach i3-pair and the actions of A on F< and F> are Co(X)-bilinear. 

For example, if i? is a Co(X)-Banach algebra, then {B, B) is a Co(X)-Banach i?-pair. 

Let F and F be Co(X)-Banach F-pairs. Then an element T of Lb(F, F) is called Co{X)-linear 
if r< and are Co(X)-linear. The subspace of all Co(X)-linear maps in Lb{E, F) is denoted by 

l5^^^(f,f). 

The definitions of concurrent homomorphisms with coefficient maps between Co(X)-Banach 
pairs, the Co(X)-tensor product of Co(X)-Banach pairs and the pushout of Co(X)-Banach pairs along 
homomorphisms of Co(X)-Banach algebras are the obvious variation of the corresponding definitions 
for ordinary Banach pairs, requiring all maps to be Co(X)-linear (compare the discussion for Banach 
modules above). 

Proposition 1.3. Let E and F be Co{X)-Banach B-pairs. Then Kb{E, F) is always contained in 
(F, F), i.e., Co{X)-linearity is automatic for compact operators. 

Proof. Let /> G F> and e< G F<. Let T := |/>)(e<|. To show that T> is Co(X)-linear let 
e> € F> and ip £ CoiX). Then 

T>{ipe>) = f>{e<, ^e>) = />((^(e<, e>)) = (e<, e>)) = ^T>{e>). 

Similarly one shows that is Co(X)-linear. Now the set of all Co(X)-linear elements in Lb{E, F) 
is a closed subspace, so it contains the whole of Ks(F, F). □ 

It is easy to see that Kb{E, F) is a Co(X)-Banach space and that the canonical bilinear map from 
F> X F< Kb{E,F) is Co(X)-biUnear. If G is another Co(X)-Banach F-pair, then the compo- 
sition of elements of Kb{F, G) and Kb(F, F) is Co (X) -bilinear. In particular, Kb(F) is a Cq{X)- 
Banach algebra. 
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Definition 1.4. Let E and F be Co(X)-Banach 5-pairs. Then T e Lb(-E,F) is called locally 
compact if is compact for all x £ Cq{X). 

Note that it suffices to check xT S ^b{E,F) for all x G Cc(X). Note also that locally compact op- 
erators are automatically Co(X)-hnear. The bounded locally compact operators form a closed subset 

1.2 TZKKlr {Co{X); A, B) 

1.2.1 Gradings and group actions 

A graded Co{X)-Banach space is a Co(X)-Banach space E endowed with a grading automorphism 
commuting with the Co(X)-action. 

Let G be a locally compact Hausdorff group that acts continuously on X. Note that Co{X) is 
a G-Banach algebra when equipped with the G-action {gx){x) ■= xid^^x), x ^ Co{X), g G G, 
X £ X. A G-Co{X)-Banach space is a G-Banach space E which is at the same time a Co(X)-Banach 
space such that the actions of G and Cq{X) are compatible in the following sense: 

g{xe) = {gx){9e), X^Co{X),g £G,ee E, 

i.e., the product Co{X) x E ^ E is G-equivariant. 

From these definitions we also get an obvious definition of a graded G-Co(X)-Banach space. 
Taking this as a starting point one can define graded G-Co(X)-Banach algebras and graded equivariant 
homomorphisms between them, graded G-Co(X)-Banach pairs, etc. 

1.2.2 Definition of 7eKK|^^'' (Co iX);A, B) 

Definition 1.5. Let A and B be G-Co(X)-Banach algebras. Then the class E^^'^ (Co(X); A, B) is 
defined to be the class of pairs {E, T) such that E is & non-degenerate graded G-Co(X)-Banach A- 
i?-pair and, if we forget the Co(X)-structure, the pair (£", T) is an element of Eq^° {A^ B). Note that 
T in the definition is automatically Co(X)-linear because E is non-degenerate. 

The constructions one usually performs with KK'^'^'^-cycles are obviously compatible with the ad- 
ditional Co(X)-structure, so we can form the sum of KK'^'^'^-cycles and take their pushout along 
homomorphisms of G-Co(X)-Banach algebras. We also have a Co(X)-linear notion of morphisms of 
giving us a Co(X)-linear version of isomorphisms of KK'^^'^-cycles. Hence also the 
notion of homotopy makes sense in the Co(X)-setting so we can formulate the following definition: 

Definition 1.6. The class of all homotopy classes of elements of {Cq{X);A, B) is denoted by 
nKK^f"" (Co(X); A, B). The sum of cycles induces a law of composition on UKK^f^ (Co(X); A, B) 
making it an abelian group. 

The fact that the composition on T^KK^'^" {Cq{X)]A^ B) has inverses can be proved just as in the 
case without the Co (X) -structure, i.e., Lemme 1.2.5 of pLaf02| and its proof are compatible with the 
additional Co(X)-module action. There is an obvious forgetful group homomorphism 

7^KK^^'"(Co(X); A^) ^ KK^ff'^iA^B) . 
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1.2.3 A sufficient condition for homotopy 



There is a sufficient condition for the homotopy of T^KKj^f^ -cycles just as there is for KKq -cycles, 
compare liParOSal . Theorem 3.1. The main idea is that the mapping cylinder of a homomorphism 
$ of T^KKJ^^'^ -cycles gives a homotopy between the cycles. For this to be true, $ has to satisfy a 
technical condition which says that the operators which are required to be compact in the definition of 
7^KK^'^'^-cycles can be approximated simultaneously by finite rank operators for both cycles which <I> 
connects. This is what is meant by "(^, (T, T')) G Eq'°(Co(X); Ma, Mb)" in the following theorem: 

Theorem 1.7. Let A and B be G-Co{X)-Banach algebras. Let {E,T), (E' ,T') be elements of 
¥}^'^{Cq{X)]A, B). If there is a Co{X)-linear morphism from {E, T) to {E' , T') (with coefficient 
mapsldA andlds) such that {<^, {T,T')) G E^^'^(Co(X); M^, Mb), then {E,T) ~ {E',T'). 

The necessary concepts are explained in UParOSall for KKq''^; to obtain the result for Co(X)-Banach 
algebras it suffices to add compatible Co(X)-Banach spaces structures everywhere. 

1.3 Comparison with the KK'^'"^-theory for fields of Banach algebras 

Let ^ be a locally compact Hausdorff groupoid with unit space X. In IILaf06ll . V. Lafforgue has 
introduced an equivariant KK'^'^^-theory for C/-Banach algebras. A C/-Banach algebra is, in particular, 
an upper semi-continuous field of Banach algebras over X. If A is such a field, then one can consider 
ro(X, A), the space of all sections of A which vanish at infinity. The Banach algebra Tq{X, A) carries 
a canonical action of Co{X) making it a Co(X)-Banach algebra. However, it is not clear how to find 
an elegant way to model a general ^/-action on A on the level of elements of Tq{X, A). Nevertheless, 
it is rather straightforward in the case that Q = G x X where G is a locally compact Hausdorff group 
acting on X. In this case, Tq{X, A) is a G-Co(-'^)-Banach algebra in a canonical fashion. We have 
the following result whose proof can be found in IIPar07L Section 4.7. 

Proposition 1.8. Let A and B be G k X-Banach algebras. Then there is a canonical isomorphism 

KK^-^\ {A,B) ^ 7^KK^- {CoiX); ro{X,A), ro{X,B)) . 

Conversely, start with a G-Co(X)-Banach algebra A. For all x £ X, the quotient Banach algebra 
Ax = A/{Co{X \ {x})A) is called the. fibre of A over x; it comes with a natural quotient map 
A 3 a Ux £ Ax. One can regard ^ [A) := {Ax)x£X as a G x X-Banach algebra. Let us 
denote the G-Co(X)-Banach algebra Tq^X,^ [A)) by 0{A) and call it the Gelfand transform of A. 
There is a canonical homomorphism i_A from A to ^5(^4) which sends every a G ^ to the section 
X 1-^ a^. G Ax. Sadly enough, la needs neither be injective nor surjective, we only know that it has 
dense image; we do not have A = TqIX,^ (A)) in general. The homomorphism la is isometric 
(and therefore an isomorphism) if and only if the Co (X) -Banach algebra A is what is called locally 
C(){X)-convex, i.e., 

Vxi,X2 G Co{X),xi,X2 > 0,xi +X2 < 1 Vai,a2 G A : \\xiai +X2O2II < max{||ai|| , ||a2||}, 

see IIGie82ll and also Appendix A.2 of IIPar07ll . 

If j4 is a G x X-Banach algebra, then Co{X, A) is automatically locally Co(X)-convex. Actually, 
A i—f ro(X, A) defines an equivalence of categories between the category of G x X-Banach algebras 
and the category of locally Co(X)-convex G-Co(X)-Banach algebras, the inverse functor being ^ (•). 
The functor A ^ ^i-^) on the category of G-Co(X)-Banach algebras therefore has its values in the 
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subcategory of locally Co(X)-convex G-Co(X)-Banach algebras. It is a projector in the sense that 
(3{(5{A)) is naturally isomorphic to <3{A). 

The functors ^ {■) and ©(•) can also be applied to G-Co(X)-Banach spaces, G-Co(X)-Banach 
pairs etc. It is an interesting fact that ^ {■) is multiplicative in the sense that it intertwines the (fi- 
brewise) tensor product of G ix X-Banach spaces and the Co(X)-tensor product of G-Co(X)-Banach 
spaces; this can be proved using the result that the Co(X)-tensor product of locally Co(X)-convex 
spaces is again locally Co (X) -convex, see BParOSbl . 

If A and B are arbitrary G-Co(X)-Banach algebras, then it is possible to construct a group homo- 
morphism 

nKK%^''{Co{X); A, B) ^ 7^KK^^'^(Co(X); ^{A) , (5{B)). 

It is not clear under which conditions this is an isomorphism if A and B are not locally Co(X)-convex. 
A first result along these lines is proved in the following section showing that A and {A) have the 
same (non-equivariant) K-theory. 

To conclude, one can say that KK^^"" and nKK^^"" agree on the (equivalent) categories of G x X- 
Banach algebras / locally Co(X)-convex G-Co(X)-Banach algebras, but on the one hand, KK^^'^ can 
be extended much further to Banach algebras which carry actions arbitrary groupoids, on the other 
hand, T^KK*^^"^ can be extended to G-Co(X)-Banach algebras which fail to be locally Co(X)-convex 
(and that such algebras appear naturally is the raison d'etre for this theory). 

A much more elaborate discussion of the two concepts can be found in Chapter 4 of UParOTl . 

1.4 The spectral radius in Co (X) -Banach algebras 

In this section, we analyse to what extend the spectral radius of an element of a Co(X)-Banach algebra 
is determined by its fibrewise spectral radii. If ^4 is a Banach algebra, then we write pa (a) for the 
spectral radius of a G Ain A. 

1.4.1 A formula for the spectral radius 

In this paragraph, let yl be a Co(X)-Banach algebra. 

Lemma 1.9. For all xq € X,for all a ^ A and all e > there is a neighbourhood V o/xq in X such 
that for all x £ C-c{^) ^itch that < x < 1 (ind supp x we have 

\\xa\\ < \\axo\\ +£■ 

Proof. Let xq ^ X, a G A and e > 0. Recall the following formula of Varela (see IIVar74ll ; it also 
follows from Lemme 1.10 of ||Bla96ll or Lemma 4.2.6 of [iPar07il ): 

||a,J| =inf{||xa|| : x <^ Cc{X) 3V C X open : x\v = 1,0 < X < l,xo ^ V}. 

In particular, we can choose a x' G Cc{X) such that < x' ^ 1 and x' = 1 on a neighbourhood V of 
Xq and such that \\x'o.\\ < Ha^o II + ^- Let x S Cc{X) be such that < x < 1 and suppx ^ V. Then 
Xx' = X and hence 

llxall = ||xx'a|| < llxlloo < hxoW + □ 

Lemma 1.10. For all a ^ A, all xq £ X and all e > there exists a neighbourhood V of xq such 
that for all x £ Cc{X) such that < x < 1 '^"'^ supp x we have 
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I, 1 1 1/fc 

Proof. Let a ^ A, xq ^ X and e > 0. Find a G N such that ||a^o || < PA:,^^ (oxo) + e/2. Apply 
Lemma [L9] to the element of j4 to find a neighbourhood y of xq such that 



1/fc 



< 



1/fc 



< 



+ 2 



for all functions x' € Cc(X) such that < x' < 1 and suppx' ^ Let x ^ Cc{X) such that 
< X ^ 1 and supp X ^ ^- Then using the above inequality for x' = X*^ we obtain 



PAixa) < 



1/fc 



< 



□ 



Lemma 1.11. Let x, x' ^ Cc{X) such that < x < x'- ^^^t a G A. Then ||xo|| < ||x'o||- 



Proof. Find a function x" ^ Cc(X) such that < x" ^ 1 and x" = 1 on the support of x'- Let e > 0. 
Then x' + £x" satisfies x < x' + ^x" • Moreover, we have that 

X{x) 



X'{x) + ex"{x) 



defines a continuous function on the open set {x' G X : x"{x') > 0}, and we have x{x) = for all 
X in the open set X \ supp x- So defining 



5{x) :-- 



□ 



^0 if;^;(x)=0 

for all a; G X defines a function 6 G Cc(X) such that < 6 < 1. We have 

Six' + £x")a = xa 

and hence 

llxall = \\S{x' + ex")a\\ < Halloo + ex")a|| < ||x'o|| + £ l|a|| • 
Because this is true for all e > 0, we can conclude that ||x«|| < llx'^ll- 
Proposition 1.12. For every a £ A, the function 

X ^ paA^x) 

is upper semi-continuous and vanishes at infinity. If X is second countable, then 

PA{a) = max paAo-x) 

xGX 

for all a £ A. 

Proof. For the first assertion, let a £ A, let xq £ X and let e > 0. Find a neighbourhood V of xq as 
in Lemma fl.lOl Let x £ Cc{X) be such that < x < 1> suppx Q V and x = 1 on a neighbourhood 
U of xq. Let x £ U. Then 

PaA^x) < PAixa) < PA^^iaxo) + e 

follows from (xa)x = and from Lemma fl.lOl From this we see that x 1— pA^ia-x) is upper semi- 
continuous. From PA^ci^x) < 1 1 Ox 1 1 for all x G X it follows that x pAxi^x) vanishes at infinity 
because x \\ax\\ does. 
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Now for the second assertion. We first reduce to tlie case that X is compact. Consider the one- 
point compactification The Co(-'^)-Banach algebra A is also a C(X+)-Banach algebra with 
^oo = {0}. We therefore have PA+io) = Pa(«) and max^.gj5(^+ pA^{ax) = maxjjgx PaS'^x) for all 
a G ^. If X is second countable, then is compact and metrisable. Hence it suffices to consider 
the case that X is compact and metrisable. 

So let X be a compact metric space. Let a ^ A. Define 

m := max/9A^(a^). 

We show that pa{cl) < m + e for all e > 0. 

Let e > 0. For all x G X find an (open) neighbourhood Vx as in Lemma fT.lOl for a, e and x. Then 
{yx)x&x is an open covering of X. Find a finite subset 5 of X such that (ys)se5 is also a covering of 
X. Find some 5 > such that every subset of X of diameter less than 5 is contained in one of the sets 
Vs. Find a finite refinement U of {Vg : s E 5} (i.e. a finite set of open subsets of X which covers X 
and such that every element of U is contained in a Vg) such that every element of U has diameter less 
than 5/2 (to produce such a refinement first take any open cover of X by sets of diameter less than 
5/2, find a finite subcover; this finite subcover is automatically a refinement of {Vs : s E S}). 

Define J\f := {A CU : P| A / 0}. This is a finite (combinatorial) simplicial complex. Note that 
IJ A has diameter less than 5 for all A G J\f, so |J A is contained in a Vs with s G S. 

Let {xu)ueu be a continuous partition of unity subordinate to the finite cover U. 

If A G M, then XA '■= J2u€A Xu satisfies < XA < 1 and is supported in a set Vs with s £ S, 
hence 

(3) Pa{xa a) < PA, (as) + e <m + e. 

Ifx e X, then := {U gU : x £ U} is in TV. So for all x £ X: 

Xu{x) = 1 = X] = XaAx) 

U&A U&A^ 



In particular, we have 



\u&A J A&N 



{xa{x)) 



for all G N and x G X. It hence follows from 



E 



a = I > Xu \ a 

\Ueu ) 



and Lemma fl.lll that 



for all G N. It follows that 




<fE||(W||) 



i/fc 
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for all fc G N. The left-hand side approaches pA{a) if A; ^ oo, the right-hand side converges to 
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max Pa (xao) < m + e. 



So we have shown 



PAia) <m + e 



for all e > 0, so pa (a) < 'm- 



□ 



1.4.2 Consequences of the spectral radius formula 

Definition 1.13. Let A and A' be Banach algebras and ip: A A' be a contractive homomorphism. 
Then ip is called isoradial if pAi{p{a)) = Pa{o) for all a G A. If (/? is isoradial and has dense range, 
then ip is called /m/Z. 

It is a well-known fact that full homomorphisms are isomorphisms in K-theory, see for example 
IICMR07I . We use this fact in the proof of the following proposition. 

Proposition 1.14. Let A and A' be Co{X)-Banach algebras and let p: A ^ A' be a CQ{X)-linear 
contractive homomorphism of Banach algebras. Assume that px '■ ^'x '■^ isoradial for all x ^ X 

and that X is second countable. Then p is an isoradial homomorphism. Moreover, if px has dense 
image for all x (z X, then p^, : K*(A) K^,(A') is an isomorphism. 

Proof. If a G A, then by Lemma [T.12l 



So p is isoradial. 

Now assume that p{A) is fibrewise dense in A' . 

We first consider the case that A' is locally Co(X)-convex (see the discussion in Section [T3] ). The 
space p{A) is not only fibrewise dense in A' , but also invariant under Cq{X), so it is dense in A' by 
the Stone-Weierstrass Theorem for locally Co(X)-convex Co(X)-Banach spaces (an early variant of 
this is Theorem 7.9 of IIHof721 : see also Proposition 2.3 in IIDG83II ). Hence y?* is an isomorphism in 
this case. 

Now let A' be arbitrary and let la' '■ A' —>■ 0(^4') be the canonical homomorphism of A' into its 
Gelfand transform 0(^4') (compare Subsection ll.3l) . By construction, la' is a fibrewise isomorphism 
and (S(A') is locally Co(X)-convex. In particular, la' is an isomorphism in K-theory by the preceding 
part of the proof. Also la' o is a homomorphism with fuU fibres, so it is also an isomorphism in 
K-theory. So p is an isomorphism in K-theory, as well. □ 

We have shown and used the following fact in the proof of the preceding proposition, but it is certainly 
worth to be stated explicitly: 

Corollary 1.15. Let A be a Co{X)-Banach algebra and & {A) be the Gelfand transform of A. Then 
the canonical map from A to &{A) is full and therefore an isomorphism in K-theory: 



PA'ipia)) = maxpA;( p{a)x ) = ma^pA^{ax) = PAia)- 




K,{A)^K,{(5{A)). 
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1.5 Special case: X compact 

We conclude this section by discussing how T^KK^**"^ reduces to ordinary KKg^'^-theory if X is a 
compact space: 

Let G be a locally compact Hausdorff group and X be a compact Hausdorff space on which G 
acts. Let ^ be a non-degenerate G-Banach algebra and let be a non-degenerate G-C(X)-Banach 
algebra. Then the projective tensor product A (g) C{X) is a non-degenerate G-C(X)-Banach algebra. 

There is a canonical forgetful homomorphism 

nKKl?''{CiX);A^C{X),B) ^ KK^^° ® C(X), B) . 

Secondly, there is a canonical homomorphism Ja of G-Banach algebras from Ato A(E)C{X), namely 
the map a i— > a (8> 1- This gives a group homomorphism from KKq^'^(j4 ® C{X) ; B) to KKq*'^(A, B). 
Let 

k: 7eKK^^°(C(X);A0C(X), B) ^ KK^^"" {A, B) 
be the composition of these two homomorphisms. 
Proposition 1.16. The homomorphism k is an isomorphism. 

Proof. We first prove surjectivity: Let {E,T) € K^^{A, B). Instead of defining a C(X)-structure 
on E, which we do not know how to do, we define a structure on the cycle {E ®b B, T (g) 1) G 
¥}'^''{A,B), where £;8)B B = {B ®b E<,E> (g)^ B). Note that {E ®b B, T^l) = {E,T) 
MorQ"^(IdB), so it is homotopic to {E, T), see llParOSall . assertion (5) of Proposition 5.28. On E>^b 
B we define a canonical C(X)-structure: if € E^ and b £ B and (p € C{X), then (/?(e^ b) := 

(g) (ipb). This makes E'' ®b B & right G-C(X)-Banach i?-module. We proceed similarly on the 
left-hand side. It is easy to see that E ®b B i?, n G-C(X)-Banach i?-pair with this C(X)-action. The 
operator T<^1 is clearly C(X)-linear (which is automatic anyway, because EcXiBBis non-degenerate). 

Now we have to define an action of A ^ C{X) on E (g)B B: If a € A, x ^ C{X), e> G E> 
and b ^ B, then we define (a (g) x){^^ (g 6) := (ae^) (g) (x^)- This gives an action of A ® C{X) 
on E^ (g>B B making it a G-C(X)-Banach A (g C(X)-i?-bimodule. A similar definition can be made 
for the left-hand side. We check that A C{X) acts on E ^b B by elements ofLB{E0BB). Let 
therefore he a e A, x ^ C{X), e< e E< , e> e E> and b<,b> G B. Then 

{b< 0e<, {a^x){e> (S)b>)) = (6< O e<, (ae>) O (x6>)> = 6< (e<, ae>> (x?)^) 

= ixb^) (e<a, e>) 6> = ((6< (g e<)(a x), e> (g) 6>) . 

By trilinearity and continuity of both sides, this equation can be extended from the elementary tensors 

to all of A ^C{X), B(g)BE< and E> (^b B. So E (g>B B is inE^''{C{X); A(S> C{X), B). Applying 
K to it means forgetting the C(X)-structure and reducing the A (g C(X)-action back to the A-action 
on E 'S>B B, so we are back to where we started. Hence k is surjective. 

The same argument shows that k is injective: Let {Eq,Tq) and (£'i,Ti) be elements of the class 
E^''{C{X);A0 C{X),B) such that k{Eo,To) and k{Ei,Ti) are homotopic in EI?''{A,B). Find 
{E,T) e E^'^{C{X);A (g C{X), B[0,1]) such that k{E,T) G E^^^^iA, B[0,l]) is a homotopy 
from k{Eo,To) to KiEi,Ti). Now evf,^{E,T) is contained in E^^'iCiX); A C{X), B) for all 
i G {0, 1} and K,{evf^ {E, T)) is isomorphic (in E^^'"(^, B)) to {Ei,Ti). Now Ei is a non-degenerate 
S-pair, so it is easy to see that the C(X)-structure on E is unique. Hence the isomorphism between 
K{ev^^{E, T)) and {Ei,Ti) must be C(X)-linear. Also the action of A'S)C{X) is uniquely determined 
by the actions of A and C{X), so the isomorphism from K(evf^(S, T)) and {Ei,Ti) must also respect 
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this structure. In other words, it is an isomorphism of cycles in K^'^{C{X); A (g) C{X),B). So 
{Eq,Tq) and (E'l, Ti) are homotopic. Hence k is injective. □ 

If we take j4 to be C with the trivial G-action, then A (g) is isomorphic to C{X). The proposition 
then reduces to the following statement: 

Corollary 1.17, Let B be a non-degenerate G-C{X)-Banach algebra. If X is compact, then 

UKK^f'' (C(X); e{X),B) ^ KK^^"" (C, B) . 

This, together with Thorme 1.2.8 of ^Laf02^ , implies that, if X is compact and G is the trivial group, 
then 

nKK}'^''{C{X)- C{X),B) ^ KK^^°(C,5) ^ Kq{B). 

2 Monotone completions 

In IILaf02l and fLaf06T, the notion of an unconditional completion was introduced which is a special 
case of what we propose to call a monotone completion. Already the article ||Laf0 21 provides us with 
some interesting examples of monotone completions which are not unconditional completions!! The 
difference simply is that an unconditional completion is required to carry a product making it a Banach 
algebra whereas an unconditional completion is a Banach space without any product. 

2.1 Definition 

Let y be a locally compact Hausdorff space. 

Definition 2.1. A semi-norm || • ||^ on Cc{Y) is called monotone if the following condition holds: 

(4) yipi,ip2 £ Cc{Y) : i^y £ Y : \ipi{y)\ < \ip2{y)\) ^ W^piWt^ < \\ip2\\n ■ 

Let H{Y) denote the (Hausdorff-)completion of Cc{Y) with respect to this semi-norm; this Banach 
space is called a monotone completion of CciY). 

For the rest of this section, let 'H{Y) <^ monotone completion of CciY). 

For technical reasons and as for unconditional norms, we extend monotone norms to a larger class 
of functions on Y: 

Definition 2.2. Let !Fc [Y) be the set of all (locally) bounded functions Lp: Y ^ M. with compact 
support. Let [Y) be the set of elements of J^c iY) which are non-negative. Define 

:=inf{||V'||„ : i^£C,{Y), ^ > ^} 

for all <p G (y). 

Note that, by Property the new semi-norm agrees on C+(y) with the semi-norm we started with. 
For all Lpi,Lp2,'p G T^{Y) and all c > 0, we have 

1. (pi + ip2£ ^tO^) and \\ipi + if2\\n < \Wi\\h + \W'i\\H^ 

2. cip G T^{Y) and ||c(/?j|^ = c 

'For example H^(G, A) defined after Lemme 1.6.5 or the "normalised" completions \Jii^(G, A) appearing in 4.5. 
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3. if < 932, then llv?! 11-^ < 11932 IIh- 

Hence we can use the extended semi-norm to define a semi-norm on sections of u.s.c. fields of Banach 
spaces. 

For the rest of this section, let E be a u.s.c. field of Banach spaces over Y. 
Definition 2.3. We define the following semi-norm on Tc{Y, E): 

m\n ■■=\\y--\Uy)\\E,\^- 

The Hausdorff completion of Tc{Y, E) with respect to this semi-norm will be denoted by 7^(y, E). 

Note that the function y ^ \\i{y)\\ appearing in the preceding definition is not necessarily continuous. 
However, it has compact support and is non-negative upper semi-continuous, so we can apply the 
extended semi-norm on jr+(y) to it. 

If E is the trivial bundle over Y with fibre Eq, then Tc{Y,E) is Cc{Y,Eq). The completion 
Ti-iY, E) of CciY, Eq) could hence also be denoted as H{Y, Eq) and might be considered as a sort of 
tensor product of n{Y) and Eq. If in particular Eq = C, then n{Y, E) = H{Y, C) = n{Y). 

Definition 2.4. Let F be another u.s.c. field of Banach spaces over Y and let T be a bounded contin- 
uous field of linear maps from E to F. Then ^ i— T o ^ is a linear map from TciY, E) to TciY, F) 
such that ||To^||^ < j|r|| W^W-j^. Hence T induces a canonical continuous linear map from 7i{Y, E) 
to n{Y, F) with norm < ||r||. 

This way, we define a functor from the category of u.s.c. fields of Banach spaces over Y to the category 
of Banach spaces, which is linear and contractive on the morphism sets. 

Note that the canonical map from TciY, E) to ^{{Y, E) is continuous if we take the inductive limit 
topology on TciY, E) and the norm topology on 7i{Y, E). It follows that, if a subset of T^iY, E) is 
dense in TciY, E) for the inductive limit topology, then its canonical image in HiY, E) is dense for 
the norm topology. 



2.2 An application to monotone and unconditional completions 

In this section, we prove that A{G, Co(M, B)) and Co(M, A{G, B)) are isomorphic in K-theory, where 
G is a locally compact Hausdorff group, is a G-Banach algebra and A{G) is an unconditional 
completion of Cc{G) (this is 12.71 ). This result already appeared in the work of V. Lafforgue, see 
IILaf02L Section 1.7, and also a variant for groupoids can be found in IILaf06L However, no proof has 
been published yet. 

Here, the original, direct proof that V. Lafforgue has indicated to me is generalised in several 
directions. Firstly, we replace M by a general second countable locally compact Hausdorff space X. 
The main part of the argument is now a statement about Co(X)-Banach algebras, namely the spectral 
radius formula of Proposition 11.121 and its consequence Proposition 11.141 To complete the proof of 
Lafforgue's result, what is left to show is that the fibres of A{G, Co(X, B)) and Cq{X, A{G, B)) are 
isometrically isomorphic. This is mainly a statement not about Banach algebras, but about Banach 
spaces. 

So we replace the group G (or, more generally, the groupoid Q) with an arbitrary locally compact 
Hausdorff space Y and the unconditional completion A{G) with a monotone completion H-iY). Let 
E = {Ey)y(zY be an upper semi-continuous field of Banach spaces over Y. Finally, let X be another 
locally compact Hausdorff space which for this part of the argument does not need to be second 
countable. The result we are going to show can now be formulated as follows: 
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Proposition. The two Co{X)-Banach spaces HiY, EX) and T-LiY, E)X have the same fibres over 
points in X. 

A more precise formulation 

Let TTi: Y X X Y and 712'- Y x X X be the canonical projections. Note that irlE = 
{Ey)(^y^,j.-^^YxX is an upper semi-continuous field of Banach spaces over Y x X. The pushforward 
7ri,*(7ri£^) is an upper semi-continuous continuous field over Y, the fibre over y ^Y being isomor- 
phic to EyX = Co(X, Ey). We denote this pushforward by EX = {EyX)y(=Y- 

We form the Banach space n{Y, EX) and compare it to Co(X, H{Y, E)) = 'H{Y,E)X. Note 
that there is a canonical contractive linear map l from 7{{Y, EX) to H{Y, E)X. 

The second space is actually a Co(X)-Banach space. Ifx € X, then the fibre of H{Y, E)X over x 
is canonically isomorphic to H^Y, E). On the other hand, there is a canonical contractive linear map 
Cx from H{Y, EX) to H{Y, E): If evf' denotes the canonical evaluation map at x from EX to E, 
then ex = H{Y, evf^). The following diagram commutes 

n{Y, EX) n{Y, E)X 

n{Y,E). 

Note that there is a canonical Co(X)-structure on 7^(y,£;X): If^ G Tc{Y,EX)anAx ^ Co(X),then 
{xO{y) '■— X ■ ^{y) for all y ^ Y; to interpret this formula note that ^(y) is contained in the fibre 
{EX)y of EX over y € y which is isomorphic to Co{X, Ey) (as mentioned above), hence there is 
a canonical product between Co{X) and {EX)y. The linear map t is clearly Co(X)-linear and hence 
it induces a canonical homomorphism Lx from the fibre H^Y, EX)x to {HiY, E)X)x = 'H{Y, E) for 
every x e X. We can hence extend the above diagram to the following commutative square 

n{Y, EX) n{Y, E)X 

_'H(Y,E) 

X 

n{Y,Ex)x^^n{Y,E) 

where we write tTx for the canonical projection which maps / G 'H{Y, EX) to fx £ EX)x. 
So a more precise formulation of the above proposition is: 

Proposition 2.5. For all xq G X, the map Lxq ■ 'H{Y, EX)xq T~(-(Y, E) is an isometric isomor- 
phism. 

A proof of this proposition 

Let Xo G X. Because iiJ^c^Y, EX)) is dense in 7^ (y, E)X, we know that Lxq has dense image. Hence 
it suffices to show that ix^ is isometric. We now show: 

For all / G n{Y, EX) and all £ > there is a function x e Cc{X) such that < x < 1, 
x{xq) = 1 and such that 

(5) llx/llw<l|e.o(/)ll7i + ^- 
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This is sufficient because Lxoifxo) = exoif) and f^o = {xf)xQ, which implies 

\\tx{fxo)\\ < WfxoW < \\ixf)xo\\ = WxfWn < l|e.o(/)llH + ^ = \Kifxo)\\+e. 

If we prove this for arbitrary e > 0, then we have shown that Lxq is isometric (note that the first 
inequality follows from the fact that Htxoll ^ 1 1 '-I I ^ !)• 

We first treat the case that / G TdY x X,ttIE) C Tc{Y,EX). Let e > 0. The set K := 
7ri(supp/) C y is compact. Let U he a compact neighbourhood of K in Y. Because H{Y) is a 
monotone completion of Cc{Y), we can find a constant C > such that ||^||-^ < C \\^\\^ for all 
^ € Cc{Y) such that supp^ C U. 

Because {y, x) i-^ \\f{y, x) — f{y, xo)\\^^ is upper semi-continuous and vanishes on the compact 
set K X {xo}, we can choose a neighbourhood F of in X such that 



sup \\f{y,x)-f{y,xo) 

(y,x)GKxV 



e 

< —. 



y - C 



Let X £ Cc{X) be a function such that < x < 1> x{xo) = 1 and supp x ^ ^■ 

Choose a function Sk G Cc(^) such that < 6k < ^, Sk = ^ on K and supp(5x C J7. For all 
y E K v/e have 



sup \\x{x)f{y,x) 
xex 



= sup ||x(a;)/(y,a;)|| < sup ||/(?/,a;)|| 

x&V x&V 

< sup (||/(y,x) - /(y,xo)|| + \\f{y,xo)\\) < ||/(y,xo)|| + ^SM, 
xev 



and for y G y \ if we have 



sup \\x{x)f{y,x)\\ = < \\f{y,xo)\\ + y,5K{y). 

xex ^ 



Because < C, we have 



WxfWn 



y ^ sup \\x{x)f{y,x) 

xex 



< 



H 



\\f{y,xo)\\ + —5K{y) 



H 



< \\y^ ll/(y,a;o)||||^ + ^ l|<5i^||^.^ < ||exo(/)|l7i + ^- 



We now treat the general case, so let / be an arbitrary element of T-C{Y, EX). Let e > 0. Then 
we can find an /' G rc(y x X, vrfi?) such that ||/ — /'||^ < e/3. Note that this also implies 
||ea;o(/) — ^xoif')\\T-c < £/3. By the first part of the proof we can find a function x G CciX) such 
that < X < 1, x{xo) = 1 and 

\\xf'\\n<\Kif')\\n + l 



Now 



WxfWn < Wxf'Wn + I < \Kif')\\n + | ^ lk-o(/)ll>i + ^• 
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Some corollaries 

Corollary 2.6. Let G be a locally compact Hausdorff group and let B be a G-Banach algebra. Let 
A{G) be an unconditional completion ofCc{G). Let X be a locally compact Hausdorff space. Then 
the canonical homomorphism of Co{X)-Banach algebras 

l: A{G,BX) ^ A{G,B)X 

is an isometric isomorphism on the fibres. If X is second countable, then this means that l is full and 
hence 

i*: K^{A{G,BX))^K^{A{G,B)X). 

Proof. Take (G, X, A, Bq) instead of {Y, X, H, E) in the above proposition. Here Bq denotes the 
trivial field of Banach spaces over G with fibre B. □ 

Corollary 2.7. In particular, taking X = R m the preceding corollary, we obtain an isomorphism 

K^{A{G, SB)) ^ K^SAiG, B)) ^ K,+i(^(G, B)), 
where S denotes the suspension functor for Banach algebras A Co(M, A). 

Corollary 2.8. Let Q be a locally compact Hausdorff groupoid equipped with a Haar system and let 
B be a Q-Banach algebra. Let A{Q) be an unconditional completion of Cc{Q). Let X be a locally 
compact Hausdorff space. Then the canonical homomorphism of Co{X)-Banach algebras 

l: A{g,BX) ^ A{g,B)X 

is an isometric isomorphism on the fibres (note that BX is a Q-Banach algebra in a canonical fash- 
ion). If X is second countable, then l is full, and hence 

i^: K^{A{g,BX))^K^{A{g,B)X). 

Proof Take {g, X, A, r*B) instead of {Y, X, H, E) in the above proposition. □ 

Corollary 2.9. We have an isomorphism 

K,{A{g,SB))^K,{SA{g,B))^K,+i{A{g,B)). 

3 Proper groupoids 

A locally compact Hausdorff groupoid is called proper if the following map is proper, i.e., inverses of 
compact sets are compact: 

We collect some examples: 

1 . Let G be a locally compact Hausdorff group acting from the left on a locally compact Hausdorff 
space X. Then the transformation groupoid G ix X is proper if and only if the action of G on 
X is proper. 

2. More generally, if ^ is a locally compact Hausdorff groupoid and X is a left ^-space, then 
^ K X is proper if and only if X is a proper ^-space. 
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3. A locally compact Hausdorff group is proper (as a groupoid) if and only if it is compact. 

4. If the range and source maps of a locally compact Hausdorff groupoid are equal, the groupoid 
can be regarded as a bundle of groups. If such a groupoid is proper, then all the fibres are 
compact groups. 

For the remainder of Section\3\ let Q be a locally compact proper Hausdorff groupoid with unit space 
X and carrying a Haar system A. 

In particular, this means that X/ is a locally compact Hausdorff space. 

3.1 Proper groupoids and the descent 

Let A{Q) be an unconditional completion of Cc{G) and let be a C/-Banach spacej^l For all ^ G 

Tc{Q,r*E) and x e Co(X/e) define 

(x0(7) := x(7r(7))C(7) 

for all 7 G ^, where tt denotes the (open) projection map tt: Q ^ X/Q. This defines a module action 
of Cq{X/Q) on Vc{Q, r*E) which lifts to a module action on A{Q, E). More precisely, A{Q, E) is a 
non-degenerate Banach Co(-'^/^)-module, i.e., it is a Cq{X / Q)-Qnm.ch space. Note that, depending 
on the choice of A{G), the Co(-'^/^)-Banach space A{Q,E) does not have to be locally Cq{X/Q)- 
convex; it is however in important cases, e.g. if A{Q) = lJ'{Q). 

The convolution product and also the descent of continuous linear maps respects the Cq{X/Q)- 
structure; in particular, if S is a t/-Banach algebra, then A{G, B) is not only a Banach algebra but 
a Co(X/^/)-Banach algebra, and if is a ^-Banach i?-pair, then A{Q,E) is a Co(X/^)-Banach 
A{G, i?)-pair, etc. Let A and B be ^-Banach algebras. It is not hard to show that the descent homo- 
morphism from KK|i^°(^,5) to KK^'^''{A{g,A),A{g,B)) introduced in Section 1.3 of llLafD6l is 
indeed a homomorphism 

ja: KKl-''{A,B)^nKK''^'-{C^{X/G)-A{g,A),A{g,B)). 

Because A{g, B) does not have to be locally Cq{X / g)-con\&x in general, it seems advisable to use 
UKK^'"'^ instead of KK^^^, the version of KK'^'^" for fields over X/g. 

3.2 Cut-off functions and cut-off pairs 

Definition 3.1. A continuous function c: X ^ [0, cxd[ is called cut-off function for g if 

1. VxGX: 4.c(5(7))dAn7) = l; 

2. r : supp(c o s) — > X is proper. 

The latter condition means that supp c fl gK is compact for all compact subsets K of X. 

Recall from IITu04ll that there is a cut-off function for g if X/ g is cr-compact. 

Given a cut-off function c, one often uses the function c2 in the theory of C*-algebras. In the 
Banach algebra setting, the exponent ^ is no longer the inevitable choice, also c^/^ with 1 < p < oo 
can appear quite naturally. Because we are dealing with Banach pairs rather than Banach modules, it 
even makes sense to extend the notion of a cut-off function as follows: 

*See ILaf06l or IPar09 b l for the definitions of these concepts. 
'Compare ITu99l , Dfinition 6.7. 
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Definition 3.2. A cut-off pair for ^ is a pair (c'^ , c>) such that 

1. c< € C(X)>o with r : supp(c< o s) — > X proper; 

2. G C(X)>o with r : supp(c^ o s) — >^ X proper; 

3. Vx G X : /g, c<(s(7)) c>(s(7))dA-(7) = 1. 

In particular, .x i— > c^{x)c^ (x) is a cut-off function. Conversely, if c is a cut-off function for Q and 
p,p' oo[ such that ^ + ^ = 1> then (c^/^ , c^/^) is a cut-off pair. We can even cover the case 

p = 1: 

Proposition 3.3. IfG is such that X/ Q is a -compact and c is a cut-off function for Q, then there exists 
a function d € C{X) with \\d\\^ = 1 such that {d, c) is a cut-off pair 

Proof Let {Kn)n€N be an exhausting sequence of compacts in X/Q such that is contained in the 

interior of K^+i for all n G N. Define L„ := suppc n 7r~^(i^„) for all n G N (where vr denotes 
the canonical surjection from X to X/Q). Then the L„ are all compact. Recursively, find functions 
/i, /2, /3 • • • such that fn G Cdn-^iKn)), < /„ < 1 and = 1 and /„ C for all n G N. 
Define / := UneN Then this is a well-defined continuous function on X such that < / < 1. It 
satisfies /|suppc = 1- Moreover, it satisfies the support condition: Let K C X/Q be compact. Find an 
n G NsuchthatiC C Kn- Then the closed set7r^^(i^) is contained in 7r~^(ir„), so 7r^^(iC)nsupp/ 
is contained in 7r^^(i^„) fl supp/ = 7r~^(iC„) n supp/„ = supp/„. Now supp/„ is a compact 
subset of Tr~^ (Kn), so Tr~^{K) fl supp / is compact as a closed subset of a compact subset. □ 

On the level of functions with compact support, we can define a homomorphism from Cc{X/Q) to 
Cc{Q) quite generally; it is a delicate question for which completions of Cc(Q) this homomorphism 
can be extended continuously to Cq{X/Q). 

Definition and Proposition 3.4. Let (c<, c>) be a cut-off pair for Q. For all x € Cc{X/Q), define 

(¥'(X))(7) :=c>(r(7))x(7r(7))c<(.(7)) 

for all 7 G t/. Then (p{x) £ Cc{Q), and tpis a continuous homomorphism of algebras from Cc{X/Q) 
to Cc{Q) (with the convolution product). 

Proof. Let tt: X ^ X/Q denote the quotient map and let K C X/Q be the support of x- Then 
Ki := suppc< n TT~^{K) is compact in X and so is K2 := suppc^ n tt~^{K). So {7 G ^ : 5(7) G 
i^i, r(7) G K2} is compact and contains the support of (p{x)- So ip{x) G Cc{Q). 
Let XI, X2 G Cc(a). Then for all 7 G g: 

{(fiXi) * fiX2)) (7) 

= / c>(r(7')) Xi(7r(7')) c<(s(70) c>(r(7'-S)) X2(7r(7'-S)) c<(.(7'-S)) dX^(^\j') 
= c>(r(7))(xiX2)(7r(7))c>(s(7)) / c<(.(70) c>(K7')) dA^^'^lV) = (¥'(XiX2))(7)- □ 
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In the C*-algebra case, the interesting cut-off pair is of course (c2 , c2 ), where c is a cut-off function 
for Q. In this caseH the homomorphism ip: Cc{X/Q) —>■ Cc{G) preserves the involution and can be 
extended to a *-homomorphism from Cq{X/Q) to C^{Q). The pullback along this *-homomorphism 
gives a homomorphism of groups from KKx/g(C*(^), B xi^ Q) to KKx/g(Co(X/^/), B Q). 

Can the same homomorphism (/?: Cc{X/Q) — > Cc{Q) be extended to a homomorphism from 
Cq{X/Q) to A{Q) if A{Q) is an unconditional completion of Cc{Q)'^- This would come in handy in the 
construction of a homomorphism from KK[i'''" (Co (X), to 7^KK^^''(Co(X/g); Co(X/g), A{g,B)) 
where i3 is a t/-Banach algebra, see Section IH One could simply take the descent homomorphism 
and compose it with the pullback along Lp. 

Apparently, ip is not bounded even for rather elementary unconditional completions like Ij^{G) 
and rather simple cut-off pairs. The construction works for C*-algebras because the choice of the 
cut-off pair is compatible with the norm on C*(t/) which is defined through the action of CdQ) on 
L^(^). We have to find another way to define the homomorphism for our generalised Green- Julg 
theorem in Section|4]if we do not want to deal with the technical problems that come with unbounded 
homomorphisms or with the compression of a Banach algebra by an unbounded projection. 

3.3 Automatic equivariance 

There is another feature of proper groupoids which will prove very convenient in the upcoming sec- 
tions: 

Proposition 3.5. Let A and B be Q -Banach algebras (with Q being proper and allowing a cut-off 
function). Then the operators and homotopies in the definition of KK.g^'^ {A, B) can be assumed to 
be Q-equivariant. 

Proof. The basic idea here, as in the proof of the corresponding result for C*-algebras, is to use the 
cut-off function and the integration with respect to the Haar system to make given operators equiv- 
ariant, compare the discussion before Proposition 6.24 in IITu99ll . On a technical level, we do this by 
integrating fields of operators with compact support; note that we define this integration pointwise: 

Let E and F be ^-Banach S-pairs. Let T = {T<,T>) G Lr*B {r*E, r*F) have compact 
support. Then 

/ r,dA-(7):=f/ T<dA-(7), / T>dA-(7)) 

is a continuous field of linear operators from E to F. The same definition makes sense if T has proper 
support, i.e., if the support of {xo r) -T is compact for all x G Cc{X). The operator Jg^ Ty dA^(7) 
is compact if T € K^. b {r*E, r*F) has compact support. 

We can use this procedure to produce equivariant operators. Fix a cut-off function c for Q. For all 
T G Lij(S,F), we define 

T^= [ c(5(7)) 7^.(7) dA"(7), xeX, 
Jg^ 

Then is an equivariant element of Lb{E, F). The construction commutes with the pushout: If 
B' is another ^-Banach algebra and (p: B ^ B' is a ^-equivariant homomorphism, then p^ {T^) = 
{p^{T))^ as elements of L|, {p^{E), p^:{F)). 

**See Proposition 6.23 in ITu99l for a proof. 
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Now let {E, T) £ El^"" {A, B). Then {E, T^) is in E^^'^ {A, B) and homotopic to {E, T). To 
see this, let a G Tc{X, A). For all x € X, we have 

ax {Tx - = / c(s(7))a^(^) (r^(^) - 7^5(7)) dA'^lT)- 

The family 7 1-^ c(s(7))ar(^)(Tr(-y) — 77"s(7)) is compact and of compact support, so the integral is 
compact. So T and "differ by a compact operator". By Lemma 3.19 of ||Par09bl . {E, T^) is a 
KK^^"-cycle and homotopic to {E, T). 

We have a similar result for homotopies: If {Eq^Tq) and (E'l, Ti) are homotopic in Eg'^" (A, i?) 
and if Tq and Ti are equivariant, then there is an equivariant homotopy between them. 

This shows that the map [E, T) ^ {E, T^) is bijective on the level of KK[j'^''-classes. □ 

4 A generalised Green- Julg theorem 

In Section^ let Q be a locally compact Hausdorjf groupoid with Haar system A. Let A{Q) be an 

unconditional completion ofCc{Q) and let B be a non-degenerate Q-Banach algebra. 

The generalised Green-Julg theorem that we prove in this section asserts that we have an isomorphism 

(6) KK^-(Co(X), B) ^ 7^KKb^°(Co(X/e); Co{X/g), A{G, B)) 

if ^ is a proper groupoid. We construct this isomorphism only under certain conditions, more pre- 
cisely, we proceed as follows: 

1. We define a natural homomorphism from the left-hand side to the right-hand side of I© in 
case that Q admits a cut-off function. 

2. We define a natural homomorphism in the other direction in case that A{Q) is what we call 
regular. 

3. We show o = Id if both conditions are satisfied. 

4. We sketch how to show o = Id if A{Q) satisfies some additional regularity condition. 

Note that already the split surjectivity of is an interesting result as it implies the split surjectivity 
of the Bost-map with proper coefficients for many unconditional completions, as shown in Section |5] 
We state the surjectivity part of the generalised Green-Julg theorem for further reference: 

Theorem 4.1. Let A{Q) be a regular unconditional completion of Cc{Q). Let there exists a cut-off 
function for Q. Then the natural homomorphism 

J|: KK^-(Co(X), B) ^ TlKK^^'^iCoiX /G)- CoiX/Q), Aig,B)) 

is split surjective (with natural split M^)for all non-degenerate Banach algebras B. 

The complete generalised Green-Julg theorem will be stated in Paragraph 14.61 after some additional 
technical concept is introduced which is needed for the formulation of the conditions under which we 
can show the injectivity result; its proof is rather lengthy and will only be sketched. 

4.1 The homomorphism 

In \4.1\ assume that Q is proper and admits a cut-off function. 
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4.1.1 The algebraic construction of Jjf on the level of sections with compact support 

Let Ehe a ^-Banach i?-pair. Define the operations 

(e>/3)(x):= / 7e>(K7))7/3(7-')dA-(7) 

and 

(/?e<)(x):= / /3(7)7e<(s(7))dA-(7), 
where x e X, and the Tc{Q, r*S)-valued bracket 

«e<, e>)>(7) := <e<(r(7)), 7e>(.(7))>^^(^, , 

where jeQ, for all e< G F^X, E<), e> G Tc{X, E>) and /? e T,, (a, r*B). 

This turns rc(X, into a right Tc {Q, r*5)-module and T^X, E<) into a left Tc {Q, r*B)- 
module. These module actions are separately continuous, and they are non-degenerate for the induc- 
tive limit topologies if E is non-degenerate. The bracket is C-biUnear and {Q, r*i?)-linear on the 
left and on the right. Moreover, it is separately continuous for the inductive limit topologies. 

Moreover, there are canonical actions of C{XIQ) on the modules Tc{X,E'^) and Tc{X,E^) 
given by 

(xe>)(x) := x(7r(x))e>(x) 

for all X e C{X/g), e> G Tc{X,E>) and a; G X (and analogously for the left-hand side). The 
module actions and the bracket are compatible with these actions. 

Let E and F be ^-Banach S-pairs and let T be a ^-equivariant continuous field of operators from 
E to F. For all e> G Fc(X, E>), define 

{T,{X,T>)e>){x) :=r>(e>(x)) 

for all X G X. Then e> ^ T,,{X,T>)e> is C-linear, C (X/^)-linear, F^ {Q, r*B)-linear on the 
right and continuous for the inductive limit topology. The same formula defines a similar map 
/< ^ Fc(X,T<)/< on the left-hand side. The pair (/< ^ Fc(X,r<)/<, e> ^ Fc(X,r>)e>) 
of linear operators is formally adjoint with respect to the brackets on (Fc(X, E"^), Fc(X, E^)) and 
(Fe(X,F<), V,{X,F>)): 

«/<Fe(X,r<), e>» = «/<, Fe(X,r>)e>». 

4.1.2 The analytic part of the construction of 

In the C*-world, the right module Tc{Q, r*i?)-action and the inner product on Tc{X, E) is sufficient 
to define the structure B yir ^-Hilbert module if is a Hilbert i?-module. There can only be one 
norm on Fc(X, E) which completes to a Hilbert module and the bracket actually gives such a norm. 

In the Banach-world, the situation is more complicated. If S is a ^-Banach algebra and is a 
C/-Banach B-pair, then we will see that there are several ways to complete T,.{X, E^) and Tc{X, E^) 
to give a Co(X/C/)-Banach ^(^, i?)-pair. However, it turns out that every (monotone) pair of such 
completions will give rise to the same homomorphism J^. 

Let V^{X) and V^{X) be monotone completions of Cc{X). Assume that the pair X>(X) := 
(X>^(X), 'D^{X)) satisfies the following compatibiUty conditions with A{Q): 
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(Dl) 




and 



(D2) 



((x<,x>»IU< llx<lli,< Ilx>ll7?>- 



We can extend the actions of Cc{G) on Cc{X) from the left and from the right and also the inner 
product to continuous bilinear maps which turn into a Banach ^(t/)-pair. Note that the action 

of Cq{X/Q) on Cc{X) also gives a continuous non-degenerate action of Cq{X/Q) on and 
r'>(X) making a (:o(X/^)-Banach >i(g)-pair. 

Let^; = (^<,£;>)bea^-BanachS-pair. On rc(X, define U<\\t^< := \\ x ^ U^{x)\\ \\v< 
as in Definition 12.31 and define a semi-norm ||-||-p> on Tc{X,E^) similarly. Then the actions of 
Tc{Q, r*B) on Tc{X, E< ) and on Tc{X, E>) and the bracket satisfy 



/3e<L< < ii/?iu lk^L< ' lk^/3L> < lk^L> ii/^iu^ IK(e<, e>»lU ^ lk^L< Ik 



for all /3 G rc(e, r*5), ^< G Tc{X,E<) and p G rc(X,E>). As in Definition O write 
'D<{X,E<) for the completion of Tc{X,E<) for the semi-norm |Hlx,<; define 'D>{X,E>) anal- 
ogously. With the extensions of the actions of Tc{Q, r*B) and the extension of the bracket, 



is a Co(X/^)-Banach A{Q, S)-pair. 

If F is another ^-Banach i?-pair and T G Lb{E,F) is ^-equivariant, then Tc{X,T^) is a 
bounded linear map from Tc{X,E^) to rc{X,F^) with norm less than or equal to ||T^||, so it 
extends to a bounded C-linear, Cq (X/^)-linear and A{G, i?)-linear map ^^{X, T-^) from E^) 
to ^{X, F>) of the same norm. Similarly, one gets a bounded linear map T<) from F<) 
to ^(X, -E^). Together, this defines a linear operator 



of norm less than or equal to ||T||. The assignment E i— > V^X, E) and T i— > V{X, T) is a contractive 
functor from the category C/-Banach i3 -pairs and bounded ^-equivariant operators to the category of 
Co (X/C/)-Banach ^(^, i?)-pairs. Similarly, one can define V{X,<^) for ^-equivariant concurrent 
homomorphisms . 

We omit the longsome proof of the following result which can be found in UParOVl . Section 7.2.3: 

Proposition 4.2. Let S G LsiE, F) be bounded, Q-equivariant and locally compact. Then T>{X, S) 
is locally compact in the sense of Definition \1.4\ i.e., x^iX, S) is compact for all x ^ Cc {X/Q). 

4.1.3 The construction for KK'^'^'^-cycles 

Theorem 4.3. Let {E, T) be a cycle in ¥}g^^ (Co(X), B). We assume that T is Q-equivariant, com- 
pare Proposition \3. 51 Equip T> (X, E) with the obvious grading operator Then T) (X, T) is odd 
and 



V{X,E) := {V<{X,E<), V>{X,E>)) 



V{X,T) := {V{X,T<), V{X,T>)) G L' 



Coix/g) 
U(g,B) 



{V{X,E), V{X,F)) 



JXv{E,T) := {V{X,E), V{X,T)) eE^-^{Co{X/g); Co{X/g), A{g,B)). 
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Proof. The important property that we have to check is that 'D{X, T)^ — 1 is locally compact. But 

V[X,Tf - 1 = V[X, - 1), 

and — 1 is locally compact. Since — 1 is also ^-equivariant, we can apply Proposition |4!2] which 
implies that ^{X, — 1) is locally compact. □ 

It can be shown that the map ^ is compatible with the pushforward along equivariant homomor- 
phisms of t/-Banach algebras, with homotopies and with the sum of cycles; see I.Par07.l . Section 7.2.3, 
for the proofs. 

As a consequence of these results, we have: 

Proposition 4.4. The map {E,T) {D{X,E), 'D{X,T)) gives rise to a group-homomorphism 
from 

JX^: KK^-(Co(X), B) ^ KKK^-^CoiX/g); Co{X/g), A{g,B)) 
which is natural in the non-degenerate Q-Banach algebra B. 



4.1.4 Uniqueness and existence 

The following uniqueness result was shown in BParOTI : 

Definition and Proposition 4.5. Let 'D{X) and V^X) be pairs of monotone completions of Cc{X) 
which both satisfy (Dl) and (D2). Then jf ^ = jf ^, as homomorphisms from KK^""'' (Co(X), B) 
to UKK^'"'^ (Co {X/G) ; Co {X/G) , A {G, B)). We hence write j| for this homomorphism. 

Another question is whether such pairs T>{X) of monotone completions exist. We have a positive 
answer because we have assumed that G admits a cut-off function; there are even quite a few such 
completions: for every cut-off pair c, we construct a compatible pair of monotone completions that 
we call A%X). 

So let c = (c^ , ) be a cut-off pair for G- Let Ebe a. C/-Banach i?-pair Define 



j<,: r, {X,E<) ^ r, {G, E<) , e< ^ (7 ^ c<{s{^))e<{r{^))) 



and 



j>^^:T,{X,E>) ^T,{G, i?>), (7^c>(r(7))7e>(s(7))). 
Then jE,c = {Je c' Jec)^^^ P^^^ °f injective maps such that 

1. j^ ^isC-linear, rc(X/^)-linearandrc(^, r*S)-linear on the left, 

2. ^ is C-linear, rc(X/(/)-linear and Fc {G, r*i3)-linear on the right, 

3. for all e< G T^X, E<) and e> G T^{X, E>), we have 



(e<, e>: 



Define a Co(X/^)-Banach^(g,5)-pair^^(X,£;) = {A''{X,E<), £;>)) by pulling back the 

norms of A{G, E) along je^c and completing Tc{X, E) for this norms. Alternatively, one could take 
the closure of the image of jE,c- The norms on the left and the right part are given by 



\A''{X,E<) 



A{g,E<) 



7 ^ c<(s(7)) ||e<(r(7))| 



A 
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and 



7 ^ c>(r(7)) ||e>(s(7))| 



II ^\A^iX,E>) ■ ^ ^(g_^>) _4 

for all e< Grc(X,E<)and e> Grc(X,£;>). 

Note that the norms depend on A{g) as well as on c. The pair A'^iX) = {{A'')<{X), (^^)>(X)) 
is a pair of monotone completions of Cc{X) satisfying (Dl) and (D2). Note that J^j^c as a homo- 
morphism from KK[i^° {Co{X),B) to 7^KK''^° (Co (X/Q) ; Co (X/G) , A (G, B)) does not depend 
on c by 14. 5 i without the detour via more general compatible pairs ^{X) of monotone completions 
this latter fact seems to be hard to prove. 



4.2 Monotone completions as analogues of L^{Q, B) 

If i? is a t/-C* -algebra, then there is a canonical ^-Hilbert i?-module 1?{Q,B) with a left action 
of B »r G- We want to find an analogue of this module for the case that i? is a general ^-Banach 
algebra. Apparently, it is not sufficient (or not systematic, at least) to just consider pairs of the type 
(L^iG, B), 1?{G, B)); we want to treat rather general unconditional completions, so it seems appro- 
priate to consider rather general completions of the space Tc{G, r*B) as substitutes of L^(^, B); our 
treatment should at least cover pairs of the form (L^(5, B), Vq{G, B)) or {lf'{G, B), lf{G, B)) for 
p,p' €]1, oo[ with 1/p + = 1 (compare the precise definitions below). 

Our substitute for Ij^{G) is a general pair of monotone completions of Cc{G) which satisfies some 
compatibility conditions with A{G) and the action of G', we will usually denote such a pair by 7Y(^), 
and write 7i{G, B) for its version with coefficients in B. It seems advisable to even consider pairs of 
the form 7i{G, E) where is a C/-Banach B-pair because this makes the constructions a bit clearer. 
The important result is that (under certain conditions) the unconditional completion A{G, B) acts on 
B) by locally compact operators. This allows us to use the tensor product (E>^(g,B) B) to 
turn A{G, -B)-pairs into ^-Banach S-pairs preserving locally compact operators between them. 

Recall that, in this section, G denotes a locally compact Hausdorff groupoid with left Haar system 
A and X denotes the unit space of G- Recall also that A{G) is an unconditional completion of Cc{G) 
and that S is a non-degenerate C/-Banach algebra. 

Let 7Y(^) = ('H^(^), Tl'^{G)) be a pair of monotone completions of Cc{G) such that the bihnear 
map 

(•, •)c.(x) : Cc{G) X Cc{G) - Ce(X), ((^<, <^>) ^{x^ j^^ (^<(7) ^>(7-i) dA-X7)) 
satisfies 

(HI) VV9<,99> G Cc{G) ■■ \\{<f<, f^)cc{X)\\^ < y'^\\H< \\f^\\'H>- 

In this case, (•, ■)cc{X) can be extended to a continuous bilinear map (•, ■)co(x) '■ 'H^{G) x 7Y^(^) 
Cq{X) which is Co(X)-bilinear if we consider the following actions of Cq{X): 

(xe<)(7) :=x(r-(7))e<(7) and {e x){l) ■= e {l)x{s{l)) 
for all X e Co(X), C< G Cc{G) Q n<{G), P G Cc{G) Q n>{G) and 7 G ^. 
Examples 4.6. Let p G [1, oo[. Define the norm 

||X<|I :=supf / |x<(7)rdA-'(7)V 

^' xdX \JQ^ J 
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for all € Cc{Q)- The corresponding monotone completion is called L^(^). Note that L^(^) = 
LJ(^). Secondly, define 

for all £ Cc{G)- The corresponding monotone completion is called L§ (Q) 

1. The pairs (L^(^), Co{Q)) and (Co(^), ^1{G)) are pairs of monotone completions of Cc{Q) 
satisfying (HI). 

2. If p,p' e]l, oo[ such that ^ + ^ = 1, then (I^'(a), (g)) also satisfies (HI). 

3. In particular, this applies to (L^(C/), Lg(C/)). 

Now let be a ^-Banach S-pair. Define a right action of r(X, B) on TcC^, r*£;>) by 

iemi) •■= eh)i/3{s{i)), e e r,{g,r*E>), p e r{x,B), J eg, 

and a left action of T{X, B) on rc(e, r*E<) by 

(/3e<)(7) := /3(r(7))e<(7), P e r(X,S), C< G V,{g, r*E<), 7 G 

These actions define continuous actions of ro(X, B) onH^{g, E^) (from the right) and H^{g,E^) 
(from the left). Define a bilinear map 

(•, •)re(x,B) : TciG, r*E<) x T^iG, r*E>) ^ T,{X, B), 

This map extends to a contractive bracket from H^{g, E^) x Ti^{g, E^) to To{X, B) which makes 
'H{g,E) := {■H<{g,E<),n>{g,E>))aCo{X)-BanachTo{X,B)-paiT. If E is non-degenerate, then 

so isn{g,E). 

Note that the Cq (X)-structures on H"^ {g, E^ ) and Tl^ (g, E^ ) are not the same in general: on the 
left-hand side it is induced by the range map r, on the right-hand side by the source map s. This implies 
that the fibre of H^{g, E^) over some x e X should be regarded as a completion of Tc{g^, E^), 
whereas the fibre of H^{g, E^) over x should be regarded as a completion of rc(^a;, {r*E)\g^). 

Assume now that has also the following properties 

(H2) 

Vx,?> eCcCe?) : \\x*e\\n>ig) < ||4>||w>(g) • 

Let A be another ^-Banach algebra and let £^ be a ^-Banach j4-B-pair. For all a G rc{g, r*A), all 
e ^c{G, r*E<) and all ^> G T^g, r*E>), define 

(a em = {a * e)(7) = / a(y) I'ei^-'^) dA'-WlV) 

Jgr(-i) 
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and 

(e< a)(7) = (e< * a)(7) = / ^<{j') j'a{^'-'j) dX<''\^') 

for all 7 G ^. These actions lift to actions of Aig,A) on n>{g,E>) and n<{g,E<), respec- 
tively. Equipped with them, HiQ, E) becomes a Co(-'^)-Banach Tq{X^ i?)-pair on which A{Q, A) by 

elements of L^'^J^B) (^(^' ^))- 

Proposition 4.7. 7/'r(X, ^) acf^ on E by locally compact operators and Q is proper, then A{Q, A) 
acts on7i{Q, E) by locally compact operators. 

Proof. Let a € Tc{G, r*A) have compact support. If we can show that the action of a on 7i{Q, E), 
denoted by 7r(a) € ^To{x,b) C^iS, E)), is locally compact, then we are done. Let x G Cc{X). We 
have to show that xvr(a) is compact. It was shown in BParOTII . Appendix E.8.3, that an operator which 
is given by a compact kernel with compact support is compact. We thus prove that x^(o) is such an 
operator. Define 

^{71,72) ■= x(s(7i))7rA(a(72)) G Lb^(^^) {Er(^i)) 
for all (71, 72) G G *r,r G- Then the action of on Tc {G, r*E^) is given by 

(xvr(a))>(e)(7) = xisil)) [ aij'h'e h'-'^) dV^^HV) 

= I x(s(7))a(7')7'e>(7'~S)dA'-W(7') 

= [ W)y^^(7"'7)dA^W(7') 
Jgrh) 

for all G Fc {G, r*E^) and 7 G t/. A similar calculation for the left-hand side shows that x^(fl) 
is indeed given by the kernel k. 

The field of operators (7rA(a(72)))(^^ 72)ee*rrG locally compact, so the same is true for k. 
Moreover, the support of k is compact: Since G is proper, the set -fC := {7 € ^ : r{-j) € 
suppx, ■3(7) G r(suppa)} is compact. Let (71,72) € G *r,r G- Then ^(^1,72) / implies 71 G K 
and 72 G supp a. So (71, 72) is contained in x supp a. Hence k has compact support. □ 

As a corollary of Proposition 14.7 1 and because B is non-degenerate, we get: 

Corollary 4.8. IfG is proper, then A{G, B) acts on 7i{G, B) by locally compact operators. 

We now want to put an action of G on 7i{G, E). Technically, we have to replace T-L{G, E) with the 
u.s.c. field d{T~(-{G, E)) of pairs over X, compare Paragraph 1 1.31 So it is a natural to assume: 

(H3) The Co(X)-Banach space Tl^{G) is a locally Co(X)-convex with respect to the Co(X)-action 
induced by r and H^{G) is locally Co(X)-convex with respect to the action induced by s. 

For all 7 G ^, define a map a< from C {G'^^^) to Cc {G'^'''>) by 

^ "7 (X^) = 7X"^ = (7' ^ X^(7"S')) 
and a map a> from Cc (^3(7)) to Cc {Gr{^)) by 

^ "7 (X^) = 7X^ = (7' ^ X^(7'7)) • 

To get an action of G on ^{H{G, E)) we have to assume that and are families of isometric 
maps, i.e., if we have that 
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(H4) 

Vx< G C,{G'^^^) V7 e g : ||7X<||^<(g,,.)) = ||x<||„<(g.w) and 



Note that all the examples of |46| satisfy (H3) and (H4). 

The following result is proved in liPar07J . 7.3.12, the proof involves some additional technical 
constructions which we prefer to omit here. 

Definition and Proposition 4.9. Let £' be a ^-Banach i?-pair. Define 

a<: r,(g^W, r*E<) ^ T,{g'-^^\ r*E<), ^< ^ := (7' ^ 7e<(7"'7')) , 

and 



> : r4g,(^), r*E>) ^ r4^,(^), r*E>), e ^ 7^^ := (V ^ eil'l)) 



for all 7 € ^. Then and are isometric for all 7 € ^ and extend to isometric isomorphisms 
H<(^^(^\ r*E<) ^ H<(g'W, r*E<) and H> , r*^>) ^ 7i>(^,(^), r*S>), respectively. 
The field {a^, a-^)^^g is a continuous field of isomorphisms making d{'H{Q, E)) a ^-Banach i?-pair. 

Now that we assume that 'H{Q) does not only satisfy (HI) and (H2) but also (H3) and (H4), we can 
refine Proposition 14 .7 1 as follows: 



Proposition 4.10. Let E be a Q-Banach A-B-pair. Then ^{7i{Q, E)) is a Q-Banach B-pair on which 
A{Q,A) acts by bounded ^-equi variant yzeZcfi of linear operators. If Q is proper and T{X,A) acts 
on E by locally compact operators, then the action of A{Q,A) on ^{^{{Q , E)) is by ^-equivariant 
bounded locally compact fields of operators. 

Because B is non-degenerate, T{X, B) acts on B by locally compact operators. Hence we have: 

Corollary 4.11. If Q is proper, then A{G,B) acts on '$T-L{Q^B) by locally compact Q-equivariant 
operators. 

To finish this section, we state and prove an extension result which shows that the bracket on T-L{G, E) 
is the restriction of the convolution product. This fact can be used to show that certain algebras are 
hereditary, see Lemma 1531 

Proposition 4.12. Let E be a Q-Banach B-module. Then the convolution 

T,{g, r*E<) X T,ig, r*E>) ^ T,ig,r*B), 

extends to a contractive bilinear map 

n<{g,E<) X n>{g,E>) ^ ro{g,r*B), 

(also) written as a convolution product, such that the bracket on 7i{g,E) is the composition of this 
map and the restriction map from ro(^, r*B) to Tq{X, B). 
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Proof. Let ^< G Tc{G, r*E<) and i> G Tc{Q, r*E>). For all 7 G ^, we have 

r *e)(7) = (C(,)'7ew), 

and hence 



r(7) 



|(C<*e>)(7)|| 



C(7)' 7^5(7) 



r(7) 



r(7) 



(7) 



< 



r{7) 



5(7) 



'H>{g,E>) 



<lk< 



s(7) 



H>{g,E>) 



s(7) 



l-w<{g,_E;<) 



r(7) 



l-w>(g,£>) 



because H'^{G) satisfies (H4). Hence the convolution is continuous with norm < 1 and extends to a 
map n<{g, E<) X n>{g, E>) ro(e, r*B) with the desired properties. □ 



4.3 Regular unconditional completions 

For simplicity, we introduce the following abbreviation: 

Definition 4.13. An unconditional completion A{Q) of Cc {Q) is said to be regular if there exists a 
pair 1~L{Q) of monotone completions of Cc{G) which satisfies (H1)-(H4). 

Note that there might exist many different such pairs of monotone completions on which a regular 
unconditional completion acts, the important part of the definition really is the existence of such a 
pair, not its particular shape. 

Examples 4.14. Most examples of unconditional completions that we have come across so far are 
regular for rather obvious reasons: 

1. The unconditional completion {Q) acts on the pair (L^ {Q) , Cq [Q)). 

2. The symmetrised version (^)nL^ (^)*is also regular because the norm defining it dominates 
the norm 1 1 • 1 1 ]^ . Moreover, it acts on the pair {14 {Q) , {g)) (see nRenSOD . It should not be 

too hard to check that it also acts on (L^ (t?) , L^(t/)) forallp,p' g]1, oo[ such that i + A = 1. 



3. The completion ^max {Q) acts on (L^ {Q) , {Q)) by definition; see Section 3 of IILaf06ll . 

4. If G is a locally compact Hausdorff group acting on some locally compact Hausdorff space 
X, then (G, Cq{X)) is a regular completion of Cc {G x X) because its norm dominates the 
norm of the regular completion {G x X). 

Regularity is essential in our construction of the homomorphism down below. It also makes some 
arguments in the next chapter simpler (but might perhaps be avoided in some instances). 

4.4 The (inverse) homomorphism M_f 



In \4.4\ let Q be proper and A{Q) be regular 

Recall that we used the name vr for the canonical projection from X to X/ Q. Let tt also denote 
the map from Q to X/Q that maps 7 to vr(r(7)) = 7r(s(7)) (which extends vr: X — > X/Q). If we 
regard X/Q as a locally compact Hausdorff groupoid, then the map tt: Q ^ X/Q is actually a strict 
morphism of groupoids. If is a u.s.c. field of Banach spaces over X/Q, then ■k*E is a ^-Banach 
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space (with a rather trivial action)]^ If T is a continuous field of linear maps between u.s.c. fields 
of Banach spaces over X/Q, then ■k*T is an ^-equivariant continuous field of linear maps between 
t/-Banach spaces. We use these facts to define our "inverse homomorphism": 

1. The first step is the map0 ^ {■) which yields a homomorphism 

: 7eKKb-(Co(X/e); Co(X/^), ^(0, S)) ^ KK^7g (C^/e, ^{A{Q,B))). 

2. The second step is the pullback homomorphism along vr: 

TT*: KK^75(Cx/e, ^{A{g,B)))^KKl--{Cx, vr*^ 5))) . 

Note that this homomorphism, on the level of cycles, produces cycles with ^-equivariant oper- 
ator. 

3. Pick a pair 1~L{G) of monotone completions of Cc{G) satisfying (HI) - (H4). Note that there is a 
canonical action of n*^ {A{g, B)) on 5^ {n{Q, B)). 

By Corollary 14. 81 the algebra A{Q, B) acts on ^ {^{G, B)) by locally compact operators. If x £ 
Cc{X) and a G A{G,B), then x i—>- x{x)0'tt{x) is a section of it* {A{G , B))) with compact 
support. Such sections act on 5 {'H{G, B)) by locally compact operators with compact support, 
so they act by compact operators. By a density argument, all sections of it* {A{G , B))) that 
vanish at infinity act on ^ {^{G, B)) by compact operators. Hence we can regard 5 {'H{G, B)) 
as a Morita cycleSfrom 7r*5 {A{G, B)) to B = ^ (ToiX, B)). The important point is that this 
Morita cycle carries an action of G which makes it a ^-equivariant Morita cycle. Morita cycles 
act on KK^^"^ from the right, so we get a homomorphism 

^n'SiAig,B))d(.n{G,B)) : KK^-(Cx, 7r*d(.A{G,B)))^KK^g--{Cx, B) . 

If a cycle has a C/-equivariant operator, then it stays equivariant under this homomorphism. 

The composition of these three homomorphisms gives the desired natural homomorphism 

: 7^KKb- (Co {X/G) ; Co {X/G) , A{G, B)) ^ KK^-'^ (Cx, B) 

which produces cycles with t/-equivariant operators. 

Proposition 4.15. Let 7i'{G) = (W^(^), 'H'-^{G)) be another pair of monotone completions of 
Cc{G) satisfying (HI) - (H4). Then the natural homomorphisms M^f^ and M^-j^i are equal. We call 
this natural homomorphism M^- 

Proof. We first consider the case that ||'||'^< ^ Il'll7i'< 'ind II'II'H> — ll'll7-^'>- In this case, we have a 
canonical homomorphism <I> from H' {G , B) to H{G , B) which gives us an equivariant homomorphism 
^ ($) from 5^ {Tl'{G, B)) to {^{{G, B)). The homomorphism 5 {^) is actually a morphism of equiv- 
ariant Morita cycles from vr* J {A{G, B)) to B. A careful revision of the proof that vr*^^ {A{G, B)) 
acts by compact operators on 5^ {TL^G, B)) and on 5^ {'H{G, B)) shows that ^ (<I>) satisfies the condi- 
tions of Theorem 3.20 of l|Par09bll and hence induces a homotopy from J {7i'{G, B))to'^ CHW^ ^))- 
So M^-j^i = M^-yi because the tensor product with Morita cycles hfts to homotopy classeso 

'See | Laf06| or |Par09bJ, Section 4.1, for a definition of the pullback along strict morphisms. 
'"See Subsection ll.3l or IPar07l . Chapter 4, for a definition of the functor J (•). 
" See [Par09bJ . Paragraph 3.3.6, for a definition; compare I ParOSaJ . Definition 5.7. 
'^See IPar09bl . Paragraph 3.3.6, or IPar07l . Section 3.8. 



29 



Now consider the general case. By taking the maximum of the norms on H^{G) and Tl'^{G) we 
define a monotone completion TC"^{Q) of Cc{G)', similarly, we define T-L"^{Q). The pair T-L"{Q) := 
{n"<{g), ■H">(a)) also satisfies (HI) -(H4). By the first part of the proof we can conclude ^ = 

4.5 o M_f = Id on the level of KK^^^^ 

We now prove Theorem l4.1l Let Q be proper and let A{Q) be regular Assume moreover that Q admits 
a cut-off function. 

4.5.1 Idea of the proof 

First, we choose a pair ^{X) of monotone completions of Cc{X) satisfying (Dl) and (D2). Sec- 
ondly, because A{g) is regular, we can also choose a pair Tl{g) = {TL^{g), H^{g)) of monotone 
completions of CdG) satisfying (HI) - (H4). Let {E,T) e E^^° (Co(X/a); Co{X/g), A{g,B)). 
We have to show that {E, T) is homotopic to J^^{M^^{E, T)). The obvious strategy is to define 
a morphism from J^t:>^M^j^{E)) to E which induces a homotopy; there is a canonical candidate 
for such a morphism defined on a dense subspace, but this candidate does not extend to a continuous 
morphism on the entire space: The norms on J^^{M^^{E)) and E seem to be difficult to compare 
in general. 

We overcome this problem by constructing a pair E := {E^, E^) of C-vector spaces which are 
equipped with compatible Cc(X/^)-module structures and left/right Fc {Q, r*i?)-module structures 
and a bilinear map from E^ x E^ to Tc{G, r*B). On this pair, which could be called a "pre- 
A{G, S)-pair", we construct a pair of formally adjoint operators T. Moreover, we define canonical 
"homomorphisms" (^e from E to E and ^'e from E to J^jy{M^^{E)) which intertwine f and T 
and ^^x>(^^.ah(^))' respectively: 



{E,f) 




{E,T) JX^{Ml^{E,T)) 

One can think of E' as a dense subspace of both, E and JXx){MXj^{E)). Now we put on E the supre- 
mum of the semi-norms which are induced by the two homomorphisms, making the homomorphisms 
continuous. We then show that the completion of E together with the continuous extension of T is in 
gban (^Co{X/g)] Co{X/g), A{G,B)) and that the two homomorphisms induce homotopies. Hence 
also {E, T) and JXvi^Xni^^ ^)) homotopic. 

4.5.2 The construction oiE,(^E and e 

We are going to cut the proof into a series of statements and definitions. In this subsection, let E and 
F be Co(X/a)-Banach A{g, S)-pairs. 
The pair E: Define 

E> ■.= E> 0r.(g,r*B) TciG, r*B) 

and 

E< ■.= T,{g, r*B) ®r.(g,r.B) E<. 
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These vector spaces carry canonical and compatible actions of Tc {G, r*B) and Cc {X/Q). A bracket 
on E is defined by 

(•,•): E<xE> ^ T,{g, r*B), 
(/?< (g)e<, e> ®/3>> (7) := /3< * (e<, e>) * /?> = (/3<e<, e>/?>> . 

We check that the bracket has indeed its values in Tc{G, r*B): The element (e^, e^) is in A{G, B) by 
definition, and we now show that the product I3'^*(5*f5^ is in Tc{Q, B) for all P"^, (3^ G ^c{G, B) and 
13 G A{G-, B). If we regard /J"^ as an element of H^{G, B) and f5^ as an element of Tl^{G, B), then 
we can conclude from Proposition 14. 121 that the map (3 ^ (3^ * (3 * (3^ i?, continuous from A{G, B) 
to Tq{G, B) because A{G) acts on 'H{G)- Moreover, the support of the product /3< * /3 * is always 
contained in the set {'j £ G ■ r^j) £ r(supp/3^), 5(7) e s(supp/3^)}, which is compact because 
G is proper. 
The map ^e- Define 

<l>^: E> ^E>, e>(^(3> ^ e>/3> 

and 

E< ^ E<, p< ®e< ^ (3<e<. 

Both maps are clearly Tc {G, r*B)- and Cc (X/^)-linear. The pair = {^e^ ^e) compatible 
with the brackets on E and E. 

The map "^e- Let e-* G E^ and /3> G Tc {G,r*B). Since /3> has compact support, the function 

X ^ (e> /?>)^ = e>^) O ^> is in Tc {X, tt*^ {E>) (^^*s(Aig,B)) S {n> {G , B))); we can re- 
gard this function as an element ^> (e> (g) /?>) of V> {X, tt*^ {E>) (^^*:s(A(g,B)) ? CH^iG, B))) ; 
here vr: X — > X/^ denotes the canonical projection. This gives rise to a map from E^ to 

Similarly we define 

n ® e<)^ := P< e< G n<{G, B), ®Aig,BU., E<.) 

for all e< G p< G T^ {G,r*B) and x G X, giving us a Tcl^, r*5)-linear and Cc(X/^)-linear 
map from E< to J|,o(M|^(^))<. 

The pair = (^'^j ^'^) is compatible with the brackets on E and ^(M^^(£')). 
The constructions for linear operators: LetS G LA(g,B){E, F) be an operator between the Co(X/^)- 
Banach A{G, i?)-pairs E and F. Define 

S>: E> ^ F>, ^> (^p> ^ S>{C>) O /?> 

and 

F< ^ E<, /?< ^ /3< (8)5<(e<). 
Note that S := (^S^, -S^^ is formally adjoint in the following sense: 

(/3< e<) , e ® 13^) = i3< * e>> * 
= /3<*(c<, 5>(e>)>*/3> = (/3<0e<, 5>(e®/?>)) 

for all /?<,/?> £Tc{G,r*B),i< G re(X, F<) and p Grc(X,^>). 
By direct calculation one checks: 

'""Compare the proof of Lemma [5!6l 
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1 . The maps $ e and $ p intertwine S and S in the obvious sense. 

2. The maps and^p intertwine S and J^^ {^^'^ah^^)) ■ 

4.5.3 Putting a norm on E 

If e> G then define 

||e>|| :=max{||$>(e>)|| , \\m>{e>)\\] . 

This is a semi-norm on . Let E^ be the (Hausdorff-) completion of E^ with respect to this semi- 
norm. In an analogous fashion, define a semi-norm on E"^ and call the completion E^ . The actions 
of Tc{Q., r*B) and Cc{X/Q) on E extend to non-degenerate actions of A{Q, B) and Co{X/Q) on 
The bracket on E extends to a continuous bracket on E, making E a Co(X/^)-Banach A{G, i?)-pair. 

Now the map <I>^ extends by continuity to a continuous linear map from E^ to E which is 
A{GtB)- and Co(X/^)-linear. Similar things can be said about <I>^, and We get homo- 
morphisms $ e from E to E and ^ e from EtoJ^^ {M^ n(E)). 

Let S G L^(g^) (£', F) as above. Then the map satisfies 



S 



< WS^W We 



for all e?' G E^ and extends therefore to an operator S from E to F . Analogously for S^. We 
thus get an element S G ^•A{g,B) {E, F) of norm < The map 5 i-^ 5 is C-linear and functorial. 
The homomorphisms $ e and $ f intertwine S and S in the obvious sense and the homomorphisms 
^'e and intertwine 5 and J^vi^Xni^))- 
By direct comparison of the operators one can show: 

Lemma 4.16. Let e< G ro{X,E<), f> G ro{X,F>), f3<,p> G rc{g,r*B). If 



then 
and 



5= |/>®/3>>(/?<0e<| GK^(e,B) {E,F) 
JA,v{MXniS)) = \^>{f>®/3>)){^<i(3<®e<)\ 

It follows for all S G K_4(g_5) -F) <3«(i Jav^-^^AH^^)) compact and that {S, S) G 

K{^e,^f) as well as (S, Ja,v{^a,H^^))) ^ ^i^E, The precise definition o/K (^p) 
can be found in l[Par08a\l : compare the discussion around Theorem \1.7\ 

4.5.4 The proof of J_f o M_f = Id 

Let {E, T) G Ei^^"" (Co(X/^); Co(X/g), ^(^, S)). We show that (E, T) is homotopic to {E, T) as 
well as to J_f ,p {A'I^,^{E, T)) . 

If X G Ce(X/e?) and 5 := x{T^ - 1), then (5, 5) is in K($i=;, ^e) and (5, J_f^p (m^t^C^)) ) G 
K (^'ij, ^-ij) by LemmaEm If follows that (E,T) is in E^^"^ {Cq{X/G); Co{X/g), A{g, B)) and, 
using Theorem [L7l that it is homotopic to {E, T) as well as to J^p (^M^^{E, xf 
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4.6 Sketch of the proof of o J| = Id 

We first have to introduce an additional technical concept to be able to formulate the precise conditions 
under which we can show the injectivity part of the generalised Green- Julg theorem: 

Let 7^(^) = (H^(^), HP'iG)) be a pair of monotone completions of Cc{G) satisfying (HI) - 
(H4). A cut-off pair c = (c^, c^) for Q is called an l-L{Q)-cut-ojf pair if 



9 7 ^ c>(r(7)) =1 A 9 7 ^ c<(s(7)) 

V.^ {Qx) 



= 1. 



Examples 4.17. Assume that X/Q is cr-compact. Let c be a cut-off-function for Q. 

1. PropositionOgives a'H(g)-cut-off pair {c,d) for the pair ?^(^) = (L^(^), Co {Q)). 

1. If p,j)' g]1,oo[ such that | + ^ = 1> then ^cp' , cp^ is a H(^)-cut-off pair for the pair 



The technical reason to consider 'H(^) -cut-off pairs is that they allow us to embed Tq{X,E) into 
T-L{Q, E) as a direct summand, where E' is a ^-Banach i?-pair. This is a Banach algebraic analogue 
of the fact that every ^-C*-algebra B can be embedded into 1?'{Q,B) as a direct summand, see 
Proposition 6.21 of |Tu99l . 

We can now formulate our result: 

Theorem 4.18 (Generalised Green-Julg Theorem). Let Q be proper and let A{Q) be an unconditional 
completion ofCdG) such that there exists a pair Ti.{G) of monotone completions ofCdQ) satisfying 
(HI } - (H4) and such that there exists an Ti.{G) -cut-off pair for Q. Then there is an isomorphism 

J|: k4^°(Co(X), B) ^ 7^KKb^'^(Co(X/g);Co(X/a),^(a,i?)), 
natural in the non-degenerate Q -Banach algebra B. 

Note that, trivially, the hypotheses of the theorem imply that Q admits a cut-off function and that A{Q) 
is regular. Hence the surjectivity part of the theorem has already been settled. 
Idea of the proof of ° = 1^: Let B, Q, A{g) and n{g) be as in the theorem and let c 
be an 7i;(^) -cut-off pair. We want to show that o = Id as an endomorphism of the group 
7^KK'^'^"(Co(X/^;); CoiX/G), A{g,B)). 

Let (E, T) G E^'^'^(Co(X), B) with C/-equivariant T. The idea is to define a homomorphism (^e 
from M^^( Jf^c {E)) to E that commutes with the operator M^ j^{J^_^c (T)) and T. We then show 
that $E induces a homotopy by checking the technical conditions of Theorem 3.20 of ||Par09bl . Note 
that we use the particular pair A'^{X) of monotone completions of Cc{X) here, see Paragraph s. 1.4[ 

The central ingredient in the construction of is a homomorphism 

^^(x, E) n{g, B) ^ ro(x, e). 

To define it, observe that the convolution gives a homomorphism 

A{G,E) n[g,B) ^ n{g,E). 

By definition, A''{X,E) embeds into A[g,E), so we can embed A''{X,E) (8)^(g,B) T~(-{g,B) into 
A{g^ E) (2)A(g,B) W(^) B). On the other hand, To{X, E) is contained as a direct summand in E) 
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because c is a 7Y(^)-cut-off pair, so we can compose with the projection onto this summand to ob- 
tain the desired homomorphism. The homomorphism <!>£' is constructed from it by some standard 
operations. 

The main difficulty of the proof is to check that the homomorphism <I> e really gives a homotopy 
between M^^{J^jc{E,T)) and {E,T). This boils down to some approximation arguments for 
compact operators which are carried out in detail in BParOVL Section 7.8. 

5 The Bost conjecture and proper Banach algebras 

In this section, let Q be a. locally compact Hausdorff groupoid equipped with a Haar system. Assume 
moreover that there is a locally compact classifying space EQ for proper actions of Q, which is then 
unique up to homotopy. Let A{G) be an unconditional completion of Cc{G)- 

5.1 The Bost conjecture 

If i? is a C/-Banach algebra, then there is an obvious definition of a ^-Banach algebra SB := B]0, 1[ 
with fibres Bg]0,l[ for all g e G^'^l 

Definition 5.1. For every ^-Banach algebra B, define the topological K-theory for Q and B as 
where X runs through the closed proper ^-compact subspaces of EQ. Define k^°P''^'^° {G, B) := 

j^top.ban guQ-^ foj. ^ g 

Note that, if X is a locally compact Hausdorff left ^-space (with anchor map p), then we would like 
to think of Cq{X) as a ^-Banach space. We thus have to take the pushforward p^Cx instead, which 
is a field over To make the notation more familiar, we nevertheless write Cq{X). For more 

details, consult IIPar09bll or IIPar07l . 

If i? is a ^-C*-algebra, then there is a canonical homomorphism from the C*-algebraic version of 
topological K-theory to the Banach algebraic version: 

K*°P {g, B) ^ Kt°P'^^'' {G, B) . 

The Bost assembly map is defined in analogy to the Baum-Connes assembly map: 

Definition 5.2. Let B a ^/-Banach algebra. Define the Bost assembly map as the homomorphism of 
abelian groups 

which is the direct hmit of the group homomorphisms /x^ ^ given by 

KKf^{C^{X), i?)^4KK'^-(^(e?,Co(X)), K^{A{G,B)) 

where X runs through all closed, ^/-compact, proper subspaces of E^. 
'''See Paragraph 1 5 . 3 . 1 1 for a sketch of this construction. 
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Here, Xx,g,A denotes a canonical element of Kq{A{Q, Co{X))) and S(-) denotes the action of KK*^^"^ 
on K-theory. See l|Par09bll or IIPar07ll and to some extend IILaf06ll for more details. 

To define the Bost-assembly map also for higher K-groups note that there is a the canonical ho- 
momorphism lb : A{G, SB) SA{G, B) for every (/-Banach algebra B. We can define /x^ also for 
j^top.ban composition 

j^top.ban^^^ i?) = K*°P'^^° (a, SB)^Ko{A{g,SB))^Ko{SA[g,B)) = Ki{A{g,B)). 

Proceed inductively to define the assembly map for all n G Nq. Note that is an isomorphism in 
K-theory by Corollary 12.91 

The Banach algebraic version of the Bost conjecture for Q and A{Q) with coefficients in a Q- 
Banach algebra B asserts that //^ is an isomorphism for all n G Nq. If is a t/-C* -algebra, then the 
assembly map introduced in fLaf06l factors through the Banach algebraic topological K-theory, i.e., 
it is given by the composition 

Kl°P(g, B) K^P'^^-^l^, B) — K,{A{G. B)). 

The C* -algebraic version of the Bost conjecture for Q and A{Q) with coefficients in a ^-C*-algebra 
B asserts that the composed assembly map is an isomorphism. The C*-algebraic version of the Bost 
conjecture for groups is an instance of an "isomorphism conjecture" as elaborated in IIBEL07II . 

5.2 The Bost conjecture and proper groupoids 

Definition 5.3 (Hereditary subalgebra). Let Bq be a subalgebra of a complex algebra B. Then B is 
called hereditary if Bq B Bq <^ Bq. 

The following lemma is a variant of Lemme 1.7.9 of IILaf02ll . a proof can be found in IIPar07L 
Lemma 8.2.2. 

Lemma 5.4. Let B be a Banach algebra and let Abe a topological algebra ( with separately contin- 
uous multiplication) and let ip: A B be a continuous homomorphism such that ip{A) is a dense 
hereditary subalgebra of B and such that the kernel of if is nilpotent. Then (p : tto (^^) — > t^q (^^) 
is a bijection. 

The following lemma is an elaborate version of Lemme 1.7.10 of IILaf02ll : there are two minor differ- 
ences: The first is that we allow || • || ^ and || • to be semi-norms rather than norms (with the restriction 
that the kernel of the homomorphisms into the completions are nilpotent), and secondly, we do not ask 
the homomorphism ip to be injective. The first generalisation is necessary because we want to apply 
the result to unconditional completions in the groupoid setting where semi-norms appear naturally, 
the second generalisation might already be necessary in the setting of IILaf02l . because in the proof of 
Lemme 1.7.8 there is no explicit argument given why the homomorphism from B{G, B) to A{G, B) 
is injective. 

The lemma is proved analogously to Lemme 1.7. 10 of IILaf02ll . based on our Lemma [541 

Lemma 5.5. Let Abe a topological algebra (with separately continuous multiplication). Let 
and \\-\\2 be continuous semi-norms on A such that the completion of A with respect to both norms is 
a Banach algebra. Let ii be the canonical continuous homomorphism from A into its completion Bi 
with respect to and define i2 and B2 analogously. Assume that \\a\\-^ > ||a||2/ora// a ^ A, and 
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let %[) : Bi ^ B2 the homomorphism ofBanach algebras that we get from this inequality. Assume also 
that ii{A) is hereditary in Bi and that the kernel of ii is nilpotent for alii E {1, 2}. Then the map 

iP,: K,{Bi) ^ K4B2) 

is an isomorphism. 

For the rest of this section, let Q be proper and let B be a non-degenerate Q-Banach algebra. 

Lemma 5.6. Let A{Q) be regular. Let l be the canonical map from Tc{Q, r*B) to A{Q, B). Since 
Q is proper, l{Tc{G, r*B)) is a hereditary subalgebra of A{Q,B) and the kernel N of l satisfies 
Tc{G, r*B) N Tc{G, r*B) = 0; in particular, it is nilpotent with N'^ = 0. 

Proof. Let A{G) act on the equivariant pair H{Q) of locally convex monotone completions of Cc{Q). 
Let I3<,(3> £ Tc {G, r*B). Let Kr := r (supp/3<) and Ks := s (supp/3>). The two sets Kr and Ks 
are compact subsets of Q^'^\ Because Q is proper, the set K := {7 G ^ : r(7) € Kf, 5(7) e Ks} is 
compact. For all /3 € Tc {Q, r*B), we have supp (Z?*^ * /? * /3>) C K. Because A{Q) acts on 'H{Q), 
we also have, by 14. 121 and Property (H2): 

||/3<*/3*/3>IL<||/3<||^< Il/5|U||/3>||^>. 

It follows that {(3^ * (3n * ^ Cauchy-sequence in Tk {G, r*B) whenever (/3n)„gN ^ 

Cauchy-sequence in Tc {G, r*B) for the semi-norm in this case, * * P^)n&i converges 
to some element of Fx {G, r*B), and hence l {(3'^ * f3n * f3^) = i{j3'^)i{(3n)i{l3^) converges to some 
element in the image of t if n — 00. Thus the image of i is hereditary in ^(^, 5). 

Now let /? G {G, r*B) satisfy i{(5) = G A{G, B). Let /3<, /?> be elements of {G, r*B). 
From (H2) we have ||/3< *(3*(3>\\^ < ||/3<||^< ||/3||_4 \\(3>\\n> = 0, so /3< * /3 * /3> = 0. This 
shows that the kernel N of l satisfies T^G, r*B) N T^G, r*B) = 0. □ 

As a consequence of the preceding lemmas, the K-theory of A{G, B) does not depend on the particular 
(regular) completion A{G) if G is proper: 

Proposition 5.7. Let A'{G) be another regular unconditional completion ofCc{G). Then {A{G-, B)) 
and K* {A'{G, B)) are canonically isomorphic. 

Proof. Define \\x\\b •= ™^^{llxlUi llxlU'} for all X ^ Cc{G). Then ^(^) is a regular unconditional 
completion of Cc{G). By the preceding lemmas it follows that K,,, {B{G,B)) = K* {A{G,B)) and 
{B{G,B)) ^ K, {A'{G,B)). The resulting isomorphism iAiG,B)) ^ K, {A'{G,B)) does 
not depend on the particular norm ||-||g, we could have taken any unconditional norm dominating 
||-||_4 and IHI^/. □ 

Example 5.8. Let G be a locally compact Hausdorff group acting properly on some locally compact 
Hausdorff space X. Then [G x X) and L^ (G, Co{X)) are two regular unconditional completions 
of Cc (G x X). Because G x X is a proper groupoid, we have a canonical isomorphism 

K, (L^ (G, Co(X))) ^ K, (L^ (G x X)) . 

Because the unconditional norm given by L^ (G, Co{X)) dominates ||-||^, the isomorphism in K- 
theory is given by the canonical homomorphism from (G, Co{X)) to (G x X). 



36 



Because Q is proper, the proper C/-space X = Q^^^ is a model for E^. If, in addition, X/ Q is compact, 
then the canonical homomorphism 

KK[i"° (Co(X), B) ^ K*°P'^"" (g, 5) 

is an isomorphism; moreover, the following diagram commutes: 

(7) KK^- (Co(X), B) '-^ UKK"^^-- (Co {X/G) ; Co {X/G) , ^(^, S)) 

j^top,ban ^5 ^ ^^^g^ 

The isomorphism on the right-hand side is the given by the embedding C i-^ Co {X/G) as constant 
functions (compare Corollary I1.17I ). Actually, Diagram Q commutes already on the level of {G- 
equi variant) KK^'^" -cycles up to isomorphism. 
Applying Theorem l4.1l to Diagram ^ yields: 

Lemma 5.9. Let G be proper, let X/G be compact, let A{G) be regular and let B be non-degenerate. 
Then the Bost map fi^ has a natural split. 

Note that Diagram Q gives the result directly only for * = 0, but we can apply it to S'^B instead 
of B and use Corollary |2.9| to obtain it for arbitrary degrees. 

As the top arrow in the above diagram is not only surjective but bijective if we impose some 
technical extra condition on A{G), see Theorem 14. 18[ there is also a version of the preceding lemma 
that asserts that the Bost map is an isomorphism in this case. However, that extended version does not 
seem to be of great value in the discussion of the Bost conjecture for proper Banach algebras. 

5.3 The Bost conjecture and proper Banach algebras 
5.3.1 The forgetful map 

We give a short summary of a pushforward construction introduced in IIPar07ll . Section 8.3; see also 
l|Par09al . Section 1. Let y be a locally compact Hausdorff left ^-space with anchor map p and let B 
be a ^ X y-Banach algebra. We now turn B into a t?-Banach algebra; because B is a field of Banach 
algebras over Y, we have to merge all those fibres of B over points of Y that have the same image 
under p to get a field of Banach algebras over X: 
For all X € X, define^ 

(p.B), :=ro(y., B\yJ. 

On this family = {{p*B)x)xex of Banach algebras over X, one can define a structure of 
a u.s.c. field of Banach spaces over X such that {p*{C) '■ C £ ^o{Y,B)} = Tq (X, p^B), where 
p*(0 '■ X ^ ^|y^ for all ^ € ro(y, B). Moreover, there is a canonical ^/-action on p^B making it a 
^-Banach algebra. If B is non-degenerate, then so is p^B. 

If S is a ^ K y-Banach algebra, similar definitions can be made for G x y-Banach i?-pairs to 
obtain ^-Banach p*i?-pairs. We call this construction the pushforward construction or forgetful map; 
the idea is that forgets the fine fibration over Y and only remembers the coarser fibration over X. 

"This definition makes sense if x £ p(Y), and can and should be interpreted as p*{B)x — Oif x ^ p(^)- 
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The forgetful map lifts to KK^'^'^-cycles, i.e., if A and BheQ iK y-Banach algebras, then p* gives 
a homomorphism 

: KK^-^ (A B) ^ KK^- {p,A, p,B) . 

This construction also induces a homomorphism K*°P'*''"^(t/ x Y, B) to k*°P'''^'"((/, p^B). 

The forgetful map is also compatible with the descent. To be more precise, let A{Q) be an uncon- 
ditional completion of Cc{G)- For all i ^ Cc{G ^ Y), define 



Ay ■- 



sup |C(7,y)| 



A 



This is an unconditional norm on Cc{Q x Y). We have Ay{G k Y,B) = A{G, p*B) for all Q x Y- 
Banach algebras B. In |,Par09a,l . it is shown that the following diagram is commutative 



(8) K*°P''^""(g X Y, B) KMy{Q X Y, B)) 



Finally, the following result was shown in IIPar071 . the proof being somewhat technical (Proposi- 
tion 8.3.26): 



Proposition 5.10. If A{Q) is regular, then also AyiQ x Y) is regular 



5.3.2 Proper C/-Banach algebras 

Definition 5.11. A t/-Banach algebra B is called proper if there is a proper locally compact Hausdorff 
(/-space Z (with anchor map p) and nQ t< Z-Banach algebra B such that the t/-Banach algebra p^,B 
is isomorphic to B. 

As for proper C*-algebras one can prove that we can assume without loss of generality that the space 
Z is equal to 'EQ. Note that if Q itself is proper, then every (/-Banach algebra is proper. 

Let A{Q) be a regular unconditional completion of Cc{Q) and let i3 be a proper non-degenerate 
^-Banach algebra. The following proposition generalises Proposition 15.71 which discusses the case 
that Q itself is proper. We are going to prove it by reducing it to this special case. 

Proposition 5.12. Let A!{Q) be another regular unconditional completion ofCc{Q)- Then K* {A{Q, B)) 
and {A'{Q, B)) are canonically isomorphic. 

Proof. As in the proof of Proposition 15. 7[ let be a regular uncondition completion ofCc{Q) the 
norm of which dominates the norms of A{Q) and A'{Q). It suffices to compare A{G) and B{Q). 
Let ijj be the canonical homomorphism of Banach algebras from B{Q, B) to A{Q, B). We show that 
-0* : K,, {B{Q, B)) (A{Q, B)) is an isomorphism. 

Find a proper locally compact Hausdorff ^-space Z with anchor map p and nQ k Z-Banach alge- 
bra B such that p^I3 is isomorphic to B. Then B is non-degenerate. Because A(Q) and B{Q) are reg- 
ular unconditional completions of Cc{Q), also Az {G x Z) and Bz {Q ix Z) are regular unconditional 
completions of Cc {G x Z) by Proposition 15. 101 Moreover, \\x\\b — WxWa ^'^^ X ^ Cc{Q x Z), 
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hence there is a canonical homomorphism i/;^ : Bz{Q ik Z, B) —>■ Az{Q x ^, B). The following 
diagram commutes 



BziQ^Z, B] ^ AziG^Z, B 



B (g, B) A (g, B) 



Hence also the following diagram commutes 



KABz[Q^Z, B]] — KAAz[Q^Z, B 



K, {B {g, B)) ^ K, {A {g, B)) 

By Proposition 15.71 t/j^ is an isomorphism, so -0* is an isomorphism as well. □ 

Recall that is a non-degenerate proper C/-Banach algebra and that A{g) is a regular unconditional 
completion of Cc{g)- 

Theorem 5.13. The homomorphism 

^B. Ktop,ban(^^ B)^K,{A{g,B)) 

is split surjective. The split is natural in B. 

This applies in particular to the regular unconditional completion {g) and its symmetrised version 

i.\g)r\i.\g)*. 

Before we prove Theorem l5.13[ we consider yet another special case: 

Lemma 5.14. Let B be a non-degenerate proper g-Banach algebra such that there exists a proper 
-compact g -space Z with anchor map p and ag K Z-Banach algebra B such that p-^B = B. Then 
is split surjective, the split being natural in B. 

Proof. Let Z, p and 13 be as in the statement of the lemma. By Proposition 15.101 Az {g x Z) is 
a regular unconditional completion of Cc {g tx Z) because A{g) is regular. So by Lemma [S!9l the 
homomorphism 

,B , T^top,ban 



z 



j^top,ban Ig^z, B]^KAAz{g^Z, B 



has a natural split. The diagram 

j^top,ban ^ Z, B] — K, (Azig^Z.B 



j^top.ban _ ^ {A {g, B)) 

commutes, see Diagram ([8]) above. Because the top-arrow has a natural split (dashed arrow), also the 
bottom-arrow has a natural split. □ 
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Proof of Theorem\5J3\ Let 5 be a ^ x E^-Banach algebra and let p: ^ X = G^^^ be the 
anchor map of the proper action of Q on EQ; assume that p^B = B as ^-Banach algebras. Then B is 
non-degenerate. For every open C/-invariant subspace U of EQ, define Bu to be the G x E^-Banach 
algebra with the following fibres: If u £ U, then the fibre over u is Bu, if y G EQ \U, then the fibre 
over y is zero; the space r(E^, Bu) is defined to be the set of all elements of r(E^, B) that vanish 
outside U. By definition, there is a x E^-equivariant "injection" ju from Bu to B. It descends to 
a ^-equivariant homomorphism ju := p*Ju from Bu := p*Bu to B = p^:B. We can regard Bu as a 
subalgebra of B. 

The Bu, where U runs through the open ^-invariant subsets of EG such that G\U is relatively 
compact, form a directed system: If U and V are open ^/-invariant and ^-relatively compact subsets of 
EG with U (^V, then there is an obvious homomorphism juy ■ Bu By such that ju = jv °Ju,v- 
Also the Bu form a directed system, just take the juy '■= P*Juy as connecting maps. We can 
regard B as the direct limit of the Bu- More importantly, the A {G, Bu) form a directed system with 
connecting maps auy ■= A{G, juy) '■ A{G, Bu) A{G, By)- The Banach algebra A{G, B) is the 
direct limit of this system with embeddings au '■= A{G, ju) '■ A{G, Bu) — A{G, B). Because the 
K-theory of Banach algebras is continuous, we get: 

K, {A{G, B)) = lirn K, {A{G, Bu)) 

where U runs through the ^/-invariant open subsets of EG such that G\U is relatively compact. 

Now let U be such a set. Find a closed set Z C EG such that U <^ Z and G\Z is compact. 
Define p^ := p\z- Then Bu\z is a x Z-Banach algebra and {p^)*Bu\z is isomorphic to Bu- So 
Bu satisfies the hypotheses of Lemma l5T4l so : 

j^top,ban ^ {AiG,Bu)) is split 

surjective. Let au denote the natural split constructed above. It is easy to see, using the naturality 
of the split, that ay o (auy)* = {juy)* ° (^u- Define tu := {ju)* ° cru- {A{G,Bu)) 

j^top.ban ^^^^ 

Ty = Tu o {auy)*- The universal property of the direct limit shows that there 
exists a natural homomorphism r : Kq{A {G, B)) k*°P''^'"^ {G, B) such that r o {au)* = m for 
all U- 

Note that ^ 

p^oTu = Pa° {ju)* ocru = {au)* ° ocru = {au)* 

because au is a split. Passing to the limit shows that p^ o r = Id, i.e., r is a natural split. □ 
5.3.3 The case of locally compact groups 

Let G be a locally compact Hausdorff group. A proper G-Banach algebra B is a G-Banach algebra 
which carries an action of Cq{Z) for some locally compact Hausdorff proper G-space Z such that the 
two actions are compatible, i.e., such that i? is a G-Co(.Z^)-Banach algebra; to fit the definition of a 
proper Banach algebra in the groupoid setting, we also demand B to be locally Co{Z)-convex In 
this case, B can also be regarded as a G x Z-Banach algebra which we then call B to match the above 
notation. In this situation, we have the following corollary of Theorem 15.131 which we state for those 
who do not like groupoids: 

Corollary 5.15. If B is a proper G-Banach algebra and A{G) is a regular unconditional completion 
ofCc{G), then 

. j^top,ban ^) ^ K,{A{G, B)) 

is split surjective- In particular, this is true for A{G) = L^(G). 
"■See ParagraphO 
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